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Chapter 1

Introduction

This thesis is a system theoretical exploration of optimal samplers, downsamplers
and interpolators (holds).

1.1 Motivation

Message or signal communication, storage and analysis are some of the oldest
needs of a society. A signal or message is the information that needs to be pro-
cessed (i.e transmitted or stored etc.) over time or space. If a signal varies contin-
uously with time/space then such a signal is called an analog (or continuous time)
signal. Most of the signals (e.g. voice, seismic data) are analog in nature. On the
other hand if information is just coming at discrete time/space instants then such a
signal is called a discrete signal. If a discrete signal can have values from a finite
set, then the discrete signal is called a digital signal. A system is a fundamental
part of the signal processing. It is a device that processes a signal to give a desired
output. If a system processes an analog signal entirely in the analog domain then
the system is an analog system (or continuous-time system) and the whole process
is called analog signal processing. On the other hand if a system processes a dig-
ital (or discrete) signal entirely in the digital (or discrete) domain then the system
is a discrete system and the whole process is known as digital (or discrete) signal
processing. If a system processes signal in a mixture of digital/discrete and analog
domain then it is a hybrid system.

The use of electrical signals for message transmission in the nineteenth century
increased the efficiency of the signal processing. At that time most of the systems
were analog. However, in the mid twentieth century with the advent of modern
integrated circuits the cost of digital signal processing (DSP) reduced significantly.
Even though we lose information in the analog to digital conversion, DSP provides
better quality, ease of implementation, reconfigurability, ease of storage, lower
cost, etc. As a result, DSP started to replace analog signal processing in most of
the applications. This is the trend till now.
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Figure 1.1: Signal reconstruction setup

The fundamental problem in DSP is the signal reconstruction problem. Here
the main aim is to recover an analog signal from its samples with minimal error.
The signal reconstruction setup is shown in Figure 1.1. Here a sampler S sam-
ples an analog signal y to produce the discrete signal y. The discrete signal y is
processed by a discrete system WV. The discrete system can do various jobs on
the discrete signals like filtering noise etc. The output u of the discrete system is
converted back to an analog signal by a hold (interpolator or D/A converter) H.
The main aim in the signal reconstruction problem is to make the reconstructed
signal u as close as possible to the analog signal y. Normally digital signals are
quantized after sampling. However, for simplicity the quantization errors are not
taken into account in the signal reconstruction problem that we consider in this
thesis.

A sampling operation typically means loss of information. Therefore, an inter-
esting question is whether it is possible to reconstruct the original analog signal y
exactly from its samples by a suitable choice of hold and the discrete system. One
famous answer to the above question is Shannon’s theorem and it depends upon
the sampling period and the bandwidth of the original analog signal y:

Theorem 1.1.1 (see [49, 60,42]). Let y(t) be a signal whose Fourier transform
Y (jo) exists. If y(t) is bandlimited to wp rad/sec, i.e. Y (jo) = OV|w| > wp then

T . wp
y() = kezzy(k@) sinc (7t - k)

sin(z 1)

where sinc(t) = =

Assume that in the signal reconstruction problem our analog signal y is ideally
sampled with sampling period & i.e. y[k] = y(kh) and that y is bandlimited to
oy := 7. The frequency wy is known as the Nyquist frequency associated with
the sampling period 4. Using Shannon’s theorem it is straightforward to prove that
the discrete system W = I and the following hold

w="MHi: u(t)="y i(kh)sinc (% —k) (1.1)

keZ

leads to perfect reconstruction i.e. u = y. The selection of the discrete system
W = I is arbitrary because it can be shown that the discrete filter can be embedded
in either the hold or sampler (see [31] or Section 2.2.4). Therefore, in the rest of

the chapter we skip this discrete system.
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Figure 1.2: Sampled-data setup

The Shannon theorem works perfectly for bandlimited signals but most of the
signals in nature are not bandlimited. Sampling of these type of signals often re-
sults in aliasing. A signal is aliased to another signal if ideal sampling of these
two signals result in indistinguishable discrete signals. To circumvent this prob-
lem analog signals before sampling are passed through a low-pass filter that is
bandlimited to the Nyquist frequency. This will lead to exact reconstruction, how-
ever at the cost of throwing away a lot of information available in the frequency
bands that are filtered away. This leads to the following interesting questions.

e Is the use of a low-pass filter bandlimited to the Nyquist frequency optimal?
e If not, then what is the optimal way to do sampling and interpolation?
e How much of the information is lost in sampling and interpolation?

e What is the theoretical minimum of information lost in the sampling opera-
tion?

To answer these questions in general, researchers started looking at these prob-
lems as mathematical optimization problems from a system theoretical viewpoint
(see Sun et al. [55] and Unser [59]). The Sampled data system theory is a system
theoretical method that treats discrete and analog signals in a common framework.

This theory was first applied in the signal reconstruction problem in 1996 by
Khargonekar and Yamamoto [23] (in 1995, Chen and Francis [56] applied the
sampled-data system theory to the signal reconstruction problem entirely in the
discrete domain). Instead of aiming at exact reconstruction as in the Shannon case,
minimization of the error without throwing away any frequencies is the main cri-
terion in the signal reconstruction using sampled-data system theory. Khargonekar
and Yamamoto [23] used a sampled-data setup similar to the setup shown below.
The distinctive feature of the sampled-data setup shown in Figure 1.2 is that it op-
timizes the analog performance. This setup is much closer to reality as most of the
signals we use are analog in nature and utilized in the analog domain.

In the sampled-data setup shown in Figure 1.2, a signal model or signal gener-
ator G is used to represent the information that we know about our analog signal
y and . This is an another distinctive feature of sampled-data system theory. For
example, if we are processing audible signals then we know that the spectrum of
these signals lies in between 20 Hertz to 20 kilo Hertz. Then G can be a band-
pass filter with passband 20 Hertz to 20 kilo Hertz. Moreover, if we know that
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the signals we are going to process is human speech then 250 Hertz to 4000 Hertz
bandpass filter is sufficient. Key point here is that the reconstruction performance
increases if G contains more information about the signals y and v (see [7] for
more detail). In the sampled-data setup, we sample our original signal y using a
sampler S. The resulting signal after it is processed by discrete system W is re-
constructed back to the analog domain by an hold /. This reconstructed signal u
is compared with signal » to compute error e := v — u. In most of the applications
v is the same as y but for a generic treatment of signal reconstruction problem v
may be taken different from y. Throughout this thesis we assume that the signal
model G is given. The Shannon case is a special case of the sampled-data signal
reconstruction problem shown in Figure 1.2 where G is fixed as an ideal low pass
filter bandlimited to the Nyquist frequency.

Any system whose present output depends upon the future inputs is known as
non-causal. In contrary, a causal system does not have access to future. Any ideal
low pass filter is not practically realizable because its present output depends upon
all of the future inputs. This is an another limitation of the Shannon’s theorem.
Starting from [23] in 1996, sampled data system theory is applied to several sig-
nal processing applications using different error criteria with or without causality
constraints. For example downsampling with causality constraints (using fast sam-
pler/fast hold approximation) is treated in [20,43,41], audio compression in [1],
image application in [22] etc. For a complete list of applications see the review
paper by Yamamoto et al. [66].

We know that if the analog input signal is bandlimited and we are free to choose
the sampler and hold then by Shannon’s sampling theorem we have zero recon-
struction error if our sampler is the ideal sampler and our hold is given by (1.1).
Therefore, they are optimal in this case. However, if the input analog signal y is
not bandlimited then passing it through an ideal low-pass filter (bandlimited to the
Nyquist frequency) before ideally sampling and using the hold in (1.1), is also op-
timal (in some norm sense). This is proved in [59,58,31] where [31] used sampled-
data system theory. Meinsma and Mirkin [31] also applied sampled-data system
theory to the cases where a non-causal sampler (or hold) is fixed and we have to
design hold (or sampler) [31]. They also designed relaxed causal (i.e. with limited
access to future) hold given a sampler using sampled data system theory [29].

1.2 Problem formulation

The main objective in this research is to solve some of the signal processing prob-
lems using the sampled data system theory. Generally the design of filters in signal
processing is done either in discrete or in analog domain. However, in most of the
signal processing applications (e.g. audio processing) nowadays the primary in-
formation is in analog format and utilized in analog domain at the end but the
information is processed digitally. The situation is depicted in Figure 1.2. In these
signal processing applications, we are interested in minimizing the reconstruction
error e (which is analog) but internally the information is processed digitally. Such
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Figure 1.3: Downsampling in sampled-data setting

a system can be analyzed and designed using Shannon’s theorem however then we
have to restrict our input signals y to just bandlimited signals (i.e. the signal model
G is abandlimited system). System theoretic methods are useful to generalize anal-
ysis of such a systems with a generic class of input signals y. In these methods,
sampler, hold and the signal models are treated as operators or systems operat-
ing on the signals in fairly large class. System theoretic method such as sample
data system theory enables us to analyze the signal processing setup shown Fig-
ure 1.2 containing samplers, holds and signal models in a common framework.
This approach also helps us in the analysis and design in a unified manner for both
stochastic and deterministic signals [3,2]. Another advantage of using sampled-
data system theory in the design process is that we can calculate the reconstruction
error without any practical implementation.

The reconstruction error gives us a criteria to measure the performance of our
design. It is shown in [31] that frequency truncated norms naturally arise in signal
processing via sample-data system theory. Direct integration for these type of
norms is often time consuming, therefore it is preferred to have a closed form
expressions for the frequency truncated norms. The first aim of this research is to
obtain a closed form expressions for the frequency truncated norm.

Sample data system theory has been used in solving several problems in signal
processing in a generic way. Some of these problems are already answered in
[29, 23, 66] and the references therein. In this thesis, we use sample-data system
theory to obtain a generic solution of downsampling and optimal relaxed causal
sampling problems.

Downsampling of the sampled signal is required in several signal process-
ing applications. Downsampling can be achieved by a use of downsampler Sy,
in between sampler and hold which reduces the sampling rate of its input dis-
crete signal by some integer factor (see Figure 1.3). The downsampling problem
we consider is to design the downsampler and the hold given the sampler and
the signal model. Earlier most of the approaches were somehow based on Shan-
non’s sampling theorem (i.e. by bandlimiting the signal model G). As an alterna-
tive, [20,41,42] used sampled-data system theory to solve downsampling problems
using fast-sample/fast-hold approximation. Meinsma and Mirkin [31] solved the
downsampling problem in a generic sample-data framework however for a limited
class of signal models. To move further, we consider the downsampling problem
with all linear continuous time invariant (LCTI) signal models. Hence, the second
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aim of this research is to obtain a solution for the downsampling problem with
linear continuous time invariant signal models.

In the signal reconstruction problem, non-causal samplers given a hold and
signal model can be designed by the method explained in [31]. Even though non-
causal solutions are important in obtaining limiting behavior of our systems, it is
not always practical. In practice, our system must be causal or relaxed causal. The
design of an optimal causal sampler using sampled-data system theory is discussed
in [37,38,43]. Relaxed causality means that we have some limited access to the
future inputs. The constraint of relaxed causality makes our problem quite a bit
more difficult, but interesting also. The third aim of this research is to provide
a frequency domain abstract and state space solution to optimal sampler design
problem with relaxed causality constraint.

1.3 Overview of the thesis

This sections contains an overview of the chapters in this thesis.

Chapter 2: Sampled-data system theory

This chapter mainly contains the fundamentals of the sampled-data system theory.
Most of the content in this chapter is from [30]. However, this chapter also takes
inspiration from important work like [3], [2], [66], [57]. Signal generators or signal
models, samplers, holds are important components in the sampled data system
theory. Details of these components are discussed in this chapter. This chapter
also contains the concept of lifting, lifting transforms, signal and system norms
which serves as a foundation to the later chapters.

Chapter 3: Frequency truncated norms

This chapter contains a method to express frequency truncated norms in terms of
the matrix logarithm. The results is this chapter can be applied in other areas of
system theory like model reduction.

Chapter 4: Non-causal downsampling

This chapter concentrates on the downsampling problem using sampled data sys-
tem theory. It contains a general formulation and solution of optimal downsampling
in the sampled-data setup for all linear continuous time invariant signal models.
Here we allow non-causal solutions. The effect of noise on the downsampling is
also discussed in this chapter.

Chapter 5: Relaxed causal sampling

This chapter concentrates on the optimal relaxed causal sampler design. In this
chapter, we provide a frequency domain abstract solution to optimal sampler de-
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sign with relaxed causality constraint. Mirkin [35, 36] introduced STPBC (state-
space with two-point boundary condition) representations for linear A-time shift
invariant system. We also discuss this representation in detail. This representation
is useful in obtaining a closed form solution of the optimal sampler with relaxed
causality constraint. We also give an expression for the minimal error norm for the
optimal sampler.

Chapter 6: Conclusions and Recommendations

This small chapter contains a summary of the important results in this thesis. It
also contains some notes on the further research related to the topics discussed in
this thesis.

1.4 Overview of contributions

The research objectives that are met in this thesis are

1. A closed form expression for the frequency truncated norms in terms of
matrix logarithm for systems given in the state-space.

2. A system theoretical analysis of the downsampling problem, and design
of optimal non-casual downsamplers and hold. The effect of noise on the
downsampling problem is also analyzed, and optimal non-casual downsam-
plers and hold are designed in the presence of noise.

3. A frequency domain abstract and state-space solution to optimal sampler
design problem with relaxed causality constraint. A method for calculation
of the reconstruction error is also obtained.






Chapter 2

Sampled-data system theory

To obtain the analog signal (at least approximately) from its samples is the pri-
mary aim in signal reconstruction. Sampled data system theory facilitates us in
reconstruction and to measure the error of signal reconstruction (see Chapter 1).
This chapter contains a general introduction to sampled-data system theory and
serves as background material for the later chapters. Specifically, in this chapter
we study the sampled data setup shown in Figure 2.3 (on page 11) for the signal
reconstruction. Our main aim in this chapter is to describe all components of the
sampled-data setup in a mathematical way. We also discuss the concept of lifting,
lifting transforms, and signal and system norm that are useful for later chapters.
Most of the theory discussed in this chapter is based on the paper by Meinsma and
Mirkin [30]. Further details on the topics discussed in this chapter can be found
in [66,57,3,2] and the references therein.

2.1 Notation

Due to various systems, spaces and transforms in this chapter, it is useful to sum-
marize all the notations in one place. The meaning of these systems, domains and
transforms will be cleared in the later sections.

In this thesis, we represent systems by uppercase letters and signals by lower-
case letters.

A system in the time domain is represented by calligraphic letter e.g. G. A sys-
tem in the lifted time domain is represented by calligraphic letter with a breve on
top e.g. G. A system in the lifted frequency domain is represented by capital letter
with a breve on top e.g. G. A linear continuous time invariant (LCTI) system in the
classic frequency domain is represented by capital letter e.g. G (jw). A hold in the
lifted time domain is represented by calligraphic letter with a grave on top e.g. H.
A hold in the lifted frequency domain is represented by capital letter with a grave
on top e.g. H. A sampler in the lifted time domain is represented by calligraphic
letter with an acute on top e.g. S. A sampler in the lifted frequency domain is
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lifted lifted classic
time time frequency | frequency
System | domain | domain | domain domain
Analog g G G
LCTI G G G G
Hold H H H
Sampler S S S
Discrete 2% W w w

Table 2.1: Notations for systems in different domains

represented by capital letter with an acute on top e.g. S. Now, we summarize the
notations for different systems in table 2.1. Here an analog system maps an analog
signal to an analog signal and a discrete system maps a discrete signal to a discrete
signal. The definition of a sampler, hold and LCTI systems is given later in this
chapter.

An analog or continuous signal is represented by lowercase letter e.g. y. A
discrete signal is represented by a bar on top e.g. y. Square brackets are used to
denote the value of a discrete signal at a given integer e.g. y[k] whereas parenthesis
are used to denote the value of an analog signal at a given time e.g. y(¢). An
analog (or discrete) signal in the lifted domain is represented by y (or y). In an
apologetic way, the lifted z-transform of a continuous (or discrete) signal y (or y)
is represented by y (or y) with a suffix (z). Similarly, the lifted Fourier transform
of a continuous (or discrete) signal y (or y) is represented by y (or y) with a suffix
(6. Most of the time it is clear from the context if the signal is in the lifted (time)
domain or lifted frequency domain (z-transform or Fourier transform). In case it is
really necessary to make a distinction, we use 3(¥) (or 3(¥)) for the z-transform
of lifted signal y (or y). Similarly, we use §(¥) (or §(¥)) for the Fourier transform
of lifted signal y (or y).

With alittle bit of overloading the notations, the classic continuous (or discrete)
time Fourier transform of an analog signal y (or a discrete signal y) is represented
with different arguments as y(jw) (or y(e/)). Most of the time the signal domain
is clear from the context. Sometimes to make distinction between y(jw) and the
time domain y(¢) (or due to historic reasons) we represent the classic continuous
(or discrete) time Fourier transform of y (or ) in capitals as Y (jw) (or Y (ei)).
The notations used for signals is summarized in table 2.2 (page 11).

For general discussions (applicable to all type of systems) we put sometimes
the tilde on top of the system name to denote all lifted linear /-time shift invariant
system or shift invariant discrete system including samplers and holds also. Time
domain, lifted domain and lifted frequency domain systems are differentiated by
usual notation given in this section. For example, the time domain systems are
represented by G (including discrete systems also), lifted time domain systems



2.2. Sampled-data system 11

lifted lifted classic
time time Fourier lifted frequency
Signal domain | domain domain z-domain domain
Continuous y y ¥E)FG) | 3@).30) | y(o).Y (o)
Discrete y V330 | 5:).30) | 3E).Y ()

Table 2.2: Notations for signals in different domains

are represented by G and lifted frequency domain systems are represented by G.
Similarly ~ is used to denote all lifted analog or discrete signals. For example, a
time domain signal y or y in the lifted domain is represented by y.

2.2 Sampled-data system

Figure 2.3: Sampled-data setup

The sampled-data setup shown in Figure 2.3 is fundamental to about all prob-
lems that are considered in this thesis. The setup consists of an analog system G
known as signal generator or model, a discrete system W, a sampler S and a hold
‘H. In this section, we go through these systems one by one.

2.2.1 Signal Generator

As discussed in Chapter 1, signal generators can be used to model our apiori
knowledge about signals v and y. This apriori knowledge can be about bandwidth,
cross-correlation, spectral density etc. of v and y. A detailed discussion about
signal generator is given in [30, 7].

In this thesis, we assume that the signal generator G which maps an analog
signal w : R - C"™ toy : R — C", is linear and A-time shift invariant. Here
n, and ny are positive integers. Linearity means G satisfies the additivity and
homogeneity properties [27]. The A-time shift invariance of a system means that if
we delay the system input by k& (k € Z) then the system output is also delayed by
kh. As given in [27,30], linearity implies that the output y of the system G driven
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by input w is of the form

(0.¢]
y(t) =/ g(t, s)w(s)ds 2.1
—00

for some kernel g(z, s) and i-time shift invariance of the system G implies that the
kernel g (¢, s) satisfies

g(t,s) = g(t + kh,s + kh)

for all £k € Z. In this thesis A is fixed, therefore the linear A-time shift invariant
systems are sometimes called linear discrete time invariant (LDTI) systems.

An h-time shift invariant system is not necessarily h’-time shift invariant if
h' # kh where k is a positive integer. However, if the system is A’-time shift
invariant for every 4’ € R, then it is called linear continuous time invariant (LCTI).
In other words, G is LCTIiff it is of the form (2.1) with kernel g (¢, s) = g(t—s, 0).
In this case, g(t — s) := g(t — s,0) and g(r), r € R is known as as the impulse
response of the LCTI system [27].

2.2.2 Sampler

A sampler S is a system that maps an analog signal y : R — C™ to a discrete
signal y : Z — C"5. Here n, and nj are positive integers. We assume that the
sampler is linear and A-time shift invariant. Here A-time shift invariance means
that if we delay the sampler’s analog input by % then its discrete output is delayed
by one. Every such sampler is of the form

F=8y: 3= / v (nh — )y (s) ds 22)

—00

for some function w(¢). The function w(z) known as the sampling function of
sampler S and h is known as the sampling period. Although the proof of (2.2) is
standard, for completeness it is given Appendix 2.A (page 34).

Example 2.2.1. The ideal sampler Siq; is an example of a sampler and it is given
by

Yy =S8y : yn] = ynh). (2.3)

In this case, the ideal sampler can be written in the form (2.2) with the sampling
Sfunction y(t) = o(t).

Note that the sampler S in (2.2) can be written as a cascade of an LCTI system
with impulse response y (¢) and the above ideal sampler Sjq; as

¥y =Sy *y)

where convolution is defined as (y * y)(¢) := ffooo w(t —s)y(s)ds forallt € R.
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2.2.3 Hold

A hold is a system which converts a discrete signal u : Z — C"# back to an
analog signal u : R — C"+. Here n; and n, are positive integers. Note that the
input dimension n; can be different from the output dimension n,, of the hold. We
assume that H is linear and A-time shift invariant. Here h-time shift invariance
means that if we delay the hold’s discrete input by one then its analog output is
delayed by h. Every such hold is of the form

u = Hi : u(t) = Z¢(t —nh)ialn], teR (2.4)
neZ

for some function ¢ (¢) known as the hold function or interpolating kernel. The
derivation of (2.4) is standard and it is given Appendix 2.A (page 35) for reference

purpose.

Example 2.2.2. A generalized zero order hold H, is an example of a hold and it
is given by

w=Hi:  ult) =4, (t— EJ h)uuéﬂ teR. 2.5)

where |t] denotes the largest integer less than or equal to t and ¢, : [0, h) — C™«,
In this case, the hold function is

¢,(t) te[0,h)

o) = [0 t¢[0,h)

The ideal zero order hold H;, is a special case of the zero order hold H, where
@ (t) = Lo, (t) and it is given by

=My - u(t):ﬂuéﬂ, teR. 2.6)

Note that the hold  in (2.4) can be written as an LCTI system with impulse
response ¢ (t), preceded by a modulated impulse train as

u(t) = /OO bt — s)Zé(s — nh)alnlds, teR

neZ

= > ¢t —nhiiln].

nez

2.2.4 Discrete system

A discrete system )V maps a discrete signal j : Z — C' to a discrete signal
u : Z — C"i, We consider discrete systems which are linear and shift invariant.
Shift invariance means that if we delay the discrete system’s input by one then
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its discrete output is delayed by one. Every such discrete system is given by the
following (discrete) convolution,
=Wy : iln]= > ln—klylkl, 2.7)
keZ

where ©[k] is known as impulse response of W. If w[k] = OVk # O then such a
discrete system is called static discrete system.

In the sampled-data system theory, the time between the samples plays an im-
portant role. Therefore a shift invariant discrete system which maps a discrete
signal with period % to a discrete signal with period 4 is also called A-time shift
invariant.

The discrete system can be absorbed in the sampler or hold by redefining the
sampling or hold function in the sampled-data setup as shown in following corol-
lary.

Corollary 2.2.3. Let S, H and w be as in (2.2), (2.4), and (2.7) respectively.
Then, the series interconnection HW is a hold with hold function Zi 7, Pt —
ih)wli] and the series interconnection WS is a sampler with sampling function

ZieZ wlily(t —ih).

Proof. See Appendix 2.A (page 35). U
By Corollary 2.2.3, any discrete system following a sampler or preceding a

hold can be merged in the sampler or the hold. Therefore, most of the time we

consider W = [ (i.e. with impulse response w[k] = O[k]) without loss of general-
ity in the sampled data setup.

2.3 Lifting

Lifting is now standard in sampled-data literature (see [23, 30, 57] and the refer-
ences there in for more details). In this section, we give a brief overview of lifting
techniques.

2.3.1 Lifting in time domain

Consider a linear A-time shift invariant system G given in (2.1). In order to define
the transfer function of such a system, we lift input w and output y of the system
G. The lifting of an analog/continuous time signal is defined as follows.

Definition 2.3.1. For a continuous time signal f : R — C", the lifted signal
f:Z — {[0, h) > C"} is the sequence of functions { f [k]} defined as

flkl(z) == f(kh + 1), keZ,z €[0,h).

In this context, h is known as the lifting period.
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f@)
—2h 2h
" 0 M~ t—>
f1-2] fi-1] 101 ful
0 h 0 h
\/ 0 h 0 h \/
-2 -1 0 1 k—
Figure 2.4: Time domain lifting of f(t) = sinc(¢/h) := Sing/t{lh)

Remark 2.3.2. The natural domain for t is [0, h) because then there exists a
bijection between the signal f and its lifted signal f. However, sometimes it is
beneficial to define f[k](t) := f(kh + ) for arbitrary T € R.

Figure 2.4 explains the idea of lifting. It is clear from Definition 2.3.1 that
lifting is an invertible process. Sometimes the lifting in Definition 2.3.1 is called
continuous lifting or analog lifting.

Remark 2.3.3. In this thesis, unless mentioned differently, lifting always means
lifting with lifting period h which is also the sampling period of the sampler in
(2.2). However, theoretically lifting can be done for intervals different from the
sampling period of the sampler.

Remark 2.3.4. A discrete signal (generated by sampling of an analog signal with
sampling period h) can be thought of as a sequence whose elements are separated
by h time. Therefore, lifting (with lifting period h) of such a discrete signal is
defined as the discrete signal itself. However, the sampling period plays a crucial
role here. For example if our discrete signal y is generated by sampling an analog
signal y with sampling period h/4. Then we have four samples in the interval h.
Therefore lifting (with lifting period h) is a sequence whose elements contain four
samples (see Figure 4.5). Discrete lifting is discussed in more detail in Chapter 4.
Since in this chapter we always perform lifting with respect to the sampling period
i.e. the lifting period and the sampling period are the same, discrete signal (say y)
and the lifted discrete signal are the same. Hence, discrete signal and the lifted
discrete signal are represented by the same symbol .

Lifting the input and the output of a system will naturally define the lifting of
the system. In the rest of this section, we define the lifted analog system, hold and
sampler.
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If y = Gw, then we denote the mapping from the lifted w to the lifted y by G
i.e. y = Gw. It is shown in [30, §3] that if G given in (2.1) is linear h-time shift
invariant then

¥y =Gib:  Jlkl= D Glk—ildlil, ke Z (2.8)
i€Z
where C;[k] - {[0, h) - C'} — {[0, h) — C™} is the lifted impulse response
system of the system G given by

h
(é[k]x)(r) = / glkh+t,0)x(c) do 7 € [0, h). 2.9)
0

Linear continuous time invariant (LCTI) systems are special cases of linear h-
time shift invariant systems. If G is LCTI, then the lifted impulse response system
Glk] of lifted system G given in (2.8) is given by

h
(Glk1D)(7) =/ gkh+ 1 —0)w(oc) do r €0, h), (2.10)
0

where g(#) is the impulse response of the LCTI system §. The word system is used
in lifted impulse response system to emphasize the fact that G[k] is an operator.

Example 2.3.5. Let G be the LCTI system with impulse response
g(t) = Lo, (0).

Then the kernel g(kh + © — o) of the lifted impulse response system Glk] is given
by

Lot —0) k=0
gkh+7t—-0)= ]1[_}1,0)(1'—0') k=1
0 elsewhere

Note that t, 0 € [0, h).

Lifting the input y and output y of a sampler S in (2.2) gives a lifted sampler

Sy: k= ZS[k—ly[l] (2.11)

i€Z

where S[k] : {10, h) = C™} — C" is the lifted impulse response system of the
lifted system S given by

h
Slklx =/ w(kh — 6)x(0) do.
0
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Similarly, lifting the input u and the output u of a hold H in (2.4) gives a lifted
hold

it ="M : ikl = > Hik—ilili] (2.12)
i€’
where H[k] : C"t — {[0, h) — C"v} is the lifted impulse response system of the
lifted system H given by

(HIkIZ) () := $(0)%, r € [0, h).

Shift invariance of a lifted system means that if its lifted input is delayed by
1, then its lifted output is delayed by 1 as well. Shift invariance of the lifted
systems G, S and H is the consequence of the fact that the corresponding time
domain systems G, S, and ‘H are h-time shift invariant [30]. However, the advan-
tage with the lifted system is that they behave like shift-invariant discrete systems
(see (2.20),(2.22), (2.23)). Therefore, we can expect that most of the theory for
a discrete system may have something analogous (e.g. convolution, z and Fourier
transforms) for the lifted system as well. This is indeed the case as we will see in
later sections.

Now we consider the cascade of two i-time shift invariant systems G; and G,
with kernel g; and g; respectively. Using (2.1), we have

y=G1Gw: y@)= / / g1(t,s)ga(s, Nw(r) dr ds (2.13)

where ¢ € R. Using (2.8), it can be proved that the seemingly difficult integration
in (2.13) is transformed to the following discrete convolution in the lifted domain

=GiGoit = FIkl =D D" Gilk — i1Gali — nlitn] (2.14)

neZ iel

=

where Gilkl,k € Z is the lifted impulse response system of the lifted system Gi.
Let G3[k] := >,y Gilk — i1G2[i] then (2.14) is equivalent to

¥=G1Gaii: Flkl =D Gslk —nliiln].
nez
Therefore, lifting translates the series interconnection into a familiar convolution.
Thus lifting puts the inter-sample behavior of the system in the background in
such a way that we can treat the lifted system as a linear shift invariant discrete
system. However, the inter-sample behavior of the system is not lost after lifting.
The advantage of lifting is that we can use convolution (as shown in this section).
However, this advantage come at the price of difficult impulse responses.

2.3.2 Lifting in frequency domain

After lifting, a linear A-time shift invariant system can be treated like linear shift-
invariant discrete systems. Therefore we can apply frequency domain methods to
these systems. In this section we define the z-transform and the Fourier transform
of signals and systems.
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Lifted z and Fourier transform

As lifted signals are sequences, we define the (lifted) z-transform of lifted signals
as

Definition 2.3.6. The z-transform 3( f ) of a lifted signal f is defined as
3 = f@o = @z = fkh+o)z* (2.15)

keZ keZ
where T € [0, h). 3( f ) is also called lifted z-transform of the signal f.

Remark 2.3.7. As discussed in Remark 2.3.4, in this chapter the lifting period and
the sampling period are the same. Therefore, the discrete signal (say y) and the
lifted discrete signal are same. For this reason, the lifted z-transform of such a
signal is represented by y(z).

Similarly the (lifted) Fourier transform is defined as:

Definition 2.3.8. The Fourier transform §( f ) of a lifted signal f is defined as
F() = F@50) =D fIk@e™ =D flkh+)e ™ (2.16)

keZ keZ

where t € [0, h). T( f ) is also called lifted Fourier transform of the signal f.

Clearly, for a given z, f (eje; 7) is the discrete time Fourier transform [27] of
the sequence f [k1(7) and f (6?; 7) is periodic in @ with period 27

In most of the cases we deal with real signals. However, most of the results
in later chapters are formulated in the lifted frequency domain. To check whether
a given lifted Fourier transform corresponds to a real signal or not, the following
straight-forward result is useful.

Corollary 2.3.9. If the lifted Fourier transform f (©; 7) of a signal f exists then

f is real if and only iff(eje; 7) = f(e_je, T) forall@ € [—n, ] and © € [0, h).

Proof. See Appendix 2.A (page 35). O
So far we were bit sloppy about the existence of Fourier transforms and z-

transform. However, for the following important result which is similar to Poisson
summation formula, the existence of various transforms do matter [30, 6].

Theorem 2.3.10 (Key lifting formula [30]). Let f be an analog signal such that
f(0)e™0" belongs to L*(R) for some sq € C. Then the two-sided Laplace trans-
form F(s) of f(t) exists and we have the following properties

@) = % D Flspe (2.17a)
keZ
h “
Fsk) = / F"; 0)e™ de (2.17b)
0

. 2nk
forall t € [0, h), where sy := so + )=~
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key-lifting formula

Figure 2.5: Relation between various transforms and Key lifting
formula.

Proof. See [30]. |

Equation (2.17) relates the (lifted) z-transform (for z = e*0) with the Laplace
transform and can be interpreted as a bijection between {F (s¢)}rcz and f (e*; 7).
As a special case, when 5o = ]70, we have the bijection between the (lifted) Fourier
transform and the classical Fourier transform:

f@;0) = % > F(jor)e™ (2.18a)
keZ
h “ . .
F(jox) :/ F@; r)emiv g (2.18b)
0

where wy := Hﬂlﬂ. For further detail and applications of the key lifting formula
see [30, §IV.A]. Figure 2.5 explains the relation between the various transforms
and the Key lifting formula.

Remark 2.3.11. The equalities in (2.17a) and (2.18a) are in the L? sense.

Transfer function

The transfer function of a linear A-time shift invariant system G is defined as the
z-transform of its lifted impulse response system

G(z) = > Glklz™ . (2.19)

keZ

Sometimes we call é(z) as lifted transfer function of G. In the rest of this sec-
tion we define transfer functions for arbitrary linear A-time shift invariant systems,
including samplers and holds. See [30], for more detailed discussion on (lifted)
transfer function.
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Taking the z-transform of the output y and the input  of a lifted system G in
(2.8) results in lifted frequency domain system

3)=G3):  ¥(2) =GR@i()

where é(z) : {[0,h) - C™} — {[0,h) —> (C”—V} (it is the z-transform of the
lifted impulse response system of the lifted system G) is given by (see [30, §4])

h
y(z) = é(z)u“)(z) oYz t) = /o g(z;t,0)w(z; 0)do. (2.20)

Here © € [0, k) and g(z; 7, o) is the lifted z-transform of the kernel g(z, s) of G
with respect to its first variable 7 i.e.

g(z;t,0) = Zg(r + kh, a)z_k, 7,0 € [0, h). 2.21)
keZ

G (z) is called the transfer function of the lifted system G (or lifted transfer function
of G). By the above equation, the transfer function G(z) is an operator whose
kernel is given by g(z; 7, 0). As a special case, if the system G is LCTI (see
(2.10)), then the transfer function é(z) is an operator whose kernel is given by
g(z;t—0,0).

Remark 2.3.12. If G is LCTI then g(z; t, 0) is a function of t — ¢ for a given
z where 7,0 € [0, h); However the converse is not true always. Consider the
following system it = G defined as

h
u(z; 7) :/ e"w(z;0)do, 7 € [0, h)
0
Here, g(z; © — 0,0) = €' 77 is a function of t — o. In the time domain we have

h kh+h
u(kh + 1) =/ e Cw(kh + o)do =/ TS w (s)ds.
0 kh

Hence,

u(t) = /00 e Lio,n (’7%—‘ h— s) w(s)ds

where [t] is the smallest integer greater than or equal to t. Clearly, the system is
not LCTL

Example 2.3.13. Let G be as in Example 2.3.5 i.e. G is an LCTI system with
impulse response

g(t) =1y p)(1).

Then, by using (2.21), the lifted transfer function é(z) of G is an operator whose
kernel is given by

§zt—0a)=Tpn—0)+z L_po(t —0).
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Similarly, taking the z-transform of the output y and the input y of the lifted
sampler S in (2.11) results in lifted frequency domain sampler

3(9) =83G): ¥k =S¥

where § () : {[0,h) > C"} — C" (it is the z-transform of the lifted impulse
response system of the lifted sampler S) is given by (see [30, §4])

h
5 = S5@) @) = /0 7 (22 —0)5(z: 0 )do. (2.22)

Here y(z) is the lifted z-transform of the sampling function w (7). S’(z) is called
the transfer function of the lifted sampler S (or lifted transfer function of S). By
the above equation, the transfer function S (z) is an operator whose kernel is given
by ¥ (z; —0).

Similarly, taking the z-transform of the output & and the input i of the lifted
hold H in (2.12) results in lifted frequency domain hold

3G = H3(@@):  ii(z) = H)i(2)

where H (z) : C" — {[0, h) — C"} (it is the z-transform of the lifted impulse
response system of the lifted hold H) is given by (see [30, §4])

i(z) = HR@)a(z) . ii(z; 1) = d(z; 0)ia(z), 1 €0, h). (2.23)

Here ¢?(z) is the lifted z-transform of the hold function ¢ (t). H(z) is called the
transfer function of the lifted hold H (or lifted transfer function of H).

The advantage of the lifted z-transform is more visible in the series intercon-
nection of two linear i-time shift invariant systems G; and G, with transfer func-
tion G(z) and G (z) respectively. Using (2.14), it can be proved that the transfer
function of cascade GG, is given by the composition G (z)Gz(z)

2.4 Lifted domain spaces and norms
So far with the exception of Key lifting formula, spaces of signals are not dis-

cussed. In this section, we review signal and system norms in various spaces. For
detailed discussion on this topic see [31,57,3,2] and the references therein.

2.4.1 Lifted signal space and norm

£?2(B, H) is the Hilbert space of sequences mapping B C Z to a Hilbert space
‘H [8, Proposition 1.6.2] i.e.

CB.H) ={f:B>H| D lfill < oo}
ieB
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Here f := {fi}iep. The inner product in this space is

(r, y) = D (xiy yidp

ieZ
The norm in this space is denoted by || - ||2.

Remark 2.4.1. We use the shorthand €*(Z) to denote t*(Z, H) if the Hilbert space
H is understood from the context. Whenever B = 7, we just write £>.

L?(B, C") is the Hilbert space of square integrable functions f : B — C”
where B C R and n is a positive integer. The norm in this space is denoted by
I - [l2. This space has inner product

{x, y) =/]B<X(T),y(f))<cn dt

Remark 2.4.2. If n is unambiguous/unspecified then we just write L>(B). When-
ever B = R, we just write L.

Now, consider the norm of an analog signal f € L2,

o0 h
||f||%=/ ||f<r)||%dr=2/o Lf (kh + )13 de

- keZ

h
:Z/ IFTKI()3 d=
keZ 0
= D IFTKIG o0 4y = 115 (2.24)

keZ

This defines the norm of a lifted signal f . This also shows that lifting an analog
time signal f € L?, by definition results in a lifted signal f with the same norm
in the Hilbert space ¢2(Z, L?[0, h)) (L?[0, k) := L2([0, h), C")) (see [57, chapter
10], [30], [8, Proposition 1.6.2]). The space £2 (Z, L2[0, h)) has inner product

h
.5 =3 [ Gk stk d.

keZ

Equation (2.24) also implies that L? is isomorphic to ¢2(Z, L*[0, h)) [67,
§7.4]. Therefore, the norms in both of the spaces can be denoted by || - ||2.

For a discrete signal f € ¢2(Z, C"), the lifted signal is the same, therefore
they both have the same norm.

We can decompose £2(Z) as the orthogonal sum of the spaces £> (Zf“) and
KZ(ZI_) consisting of signals that are zero in Z; and Zf for a given [ € 7Z. Here
Z;r is the set of all integers greater than or equal to / and Z; is the set of all integers
smaller than /. In short, £2(Z) = £> (Zf’) @ 2 (Z;"). These spaces are important in
relation to causality discussed later in Section 2.5.
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The space L?(T, H) represents the Hilbert space consisting of functions p(z)
mapping from unit circle T := {z € C : |z| = 1} to a separable Hilbert space H,
with norm

1 [~ .
Ipll2 = \/E /_n Ip(ei?)II7,d6 < oo.

If an analog lifted signal f is in £2(Z, L2[0, h)) then its Fourier transform F( )
belongs to L>(T, L?[0, h)) because

. 1 T
IFHI3 = — / 17 )17 210,546

2z J_»
=D IFIK 2100
keZ

= 11712100 = I1/15 < 00

The above can be proved by using the fact that

1 [T . _
— [ 9" =Rge = §[m — k). (2.25)
27 J_,
The equivalence of ||§( f M2 = |l f 2z, 1210,n)) 18 known as Parseval identity

which says that £2(Z, L?[0, h)) is isomorphic to L>(T, L?[0, h)). i
Similar to the analog case, the Parseval identity between discrete signal f* €
£2(Z, C") and its Fourier transform F(f) € L%(T, C") can be stated as

IFAHI2 = 1/l 2z.cn

This means that £2(Z, C") is isomorphic to L>(T, C").

Remark 2.4.3. We use the shorthand L*(T) to denote L*(T,H) if the Hilbert
space 'H is understood from the context.

The Hardy space H? is the Hilbert space of analytic functions f(z):C\D —
‘H (H is a separable Hilbert-space) such that

s L L
1fll2 = \/1111) (27r /_,, IIf(Ve](’)HHd@) < 00

where D is the closed unit disk in the complex plane C. The space H> can be
identified as a closed subspace of L?(T, H) [44, chapter 5]. The orthogonal com-
plement of H? in L*(T) exists and it is denoted by (H?). This (H?)* is the
Hilbert space of analytic functions f(z) : D — H such that

- 1 [T .
I fll2 = \/flilf (g /_7r IIf(relg)II%dQ) < 00.
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Here D is the open unit disk in the complex plane C.

Finally, z' H? denotes a Hilbert space of analytic functions f(z) : C\D —
H such that z7/ f(z) € H?. If H is either L2[0, k) or C", it can shown that
é’z(ZJ_rl, ‘H) is isomorphic to z' H? via z-transform [12, §2.5]. These spaces are
important in relation to causality discussed later in Section 2.5.

2.4.2 Adjoint systems and conjugate transfer function

In this section we discuss adjoints of lifted systems. We do this for a lifted /-time
shift invariant system G, lifted hold H and lifted sampler S.

Lifting is an isometric isomorphism between L? and 2 (Z, L2[0, h)), therefore
it preserves inner products [67, §7.4]. Similarly, the Fourier transform is an iso-
metric isomorphism between 2(Z, L?|0, h)) and L3(T, L?0, h)) (also between
£%(Z,C") and L?(T, C")), therefore it also preserves inner products. The adjoint
and Fourier transform operations commutes as the inner product is preserved by
the Fourier transform. Similarly, the adjoint and lifting operations commutes as
the inner product is preserved by the lifting.

It is shown in [30] that the kernel of adjoint G* of the system G given in (2.1)
is

g (s, 1) = (g(t,5)"

where * denote complex conjugate transpose. The lifted z-transform of the above
given kernels are related as

g (zyo,1):=¢g(1/z;7,0)".

The system which has the kernel g™~ (z; o, 7) is denoted by G~ (z) and it is known
as the conjugate of transfer function é(z). It is shown in [30] that for z = &, the
conjugate éw(eje) is the adjoint of é(eje) with respect to L2[0, k).

Again by [30], the kernel ¢ (¢) of the adjoint $* of the sampler S given in (2.2)
is

p(t) == y(=0)"

and the kernel ¢ (z; ) of the conjugate S’”(z) of the transfer function S (z) given
in (2.22) is

¢z 1) i=w(/z; —1)".

Note that the adjoint S* of a sampler S is a hold [30].
Similarly, the kernel w (¢) of the adjoint H* of the hold H given in (2.4) is

y(t) = p(=1)"

and the kernel y (z; 7) of the conjugate H™ (z) of the transfer function H(z) given
in (2.23) is

y(z7) =¢(1/z;7)".
Note that the adjoint H* of hold H is a sampler [30].
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2.4.3 System norms

In this section, we review the definition of some standard system norms used in
sampled-data system theory for shift invariant discrete systems and linear /-time
shift invariant systems including samplers and holds. Norms defined in this section
are very standard and discussed in great detail in [30, 3,2, 12]. In this section S
means either L2[0, h) or C" norm. Also, R denotes the space (with induced 2-
norm) of all bounded operators and Ry s denotes the space of all Hilbert-Schmidt
operators, mapping S,- to So. Here Si and SU can be L2[0, h) or C". Also, in this
section G can be a linear shift invariant discrete systems or a linear A-time shift
invariant systems including samplers and holds.

L system norm

The space L™ can be defined as the space of linear shift invariant discrete systems
and linear h-time shift invariant systems with norm defined as [2, 30]:

IGlILe == esssup [G(e?)] < o0 (2.26)

Oe[—m,m]
where G (e’ ) is the (lifted) transfer function of G and I|G(ej9) || is given by
IGE) = sup 1GE)xll2, xeS.

llxll2=1
The above definition of the L°° norm is equivalent to the induced norm interpreta-
tion given as

Gl := sup [|Gxlls,

lellg =1

where S; and S, can be L?(R) or £?(Z) depending upon whether the signal in

concern is analog or discrete respectively [30, §V.C]. For example, an analog

system in L™ is a bounded operator from L*(R) to L2(R), a sampler in L is a

bounded operator from L2(R) to £2(Z), a hold in L* is a bounded operator from

£2(Z) to L*(R), and a discrete system in L* is bounded operator from £2(Z) to

£(Z). An interesting fact is that the ideal sampler does not belong to L* [30].
The following result is important for later chapters.

Lemma 2.4.4 (Essentially from [31]). IfG € L™, then its transfer function G (e?)
is a bounded operator at almost all 0 € [—n, «].

Proof. By (2.26), |G ||~ is finite iff |G (el?)|| is finite at almost all . O

Z/H*® system norm

The Hardy space H™ is the set of analytic transfer functions G(z) : C\D — R
with finite norm given by

IG llg= := esssup G ()
zeC\D
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where D is the closed unit disk in the complex plane C and || G(z) || is given by

IG@I = sup [G()xll2 xe$

llxll2=1

Similar to the H? signal norm case, the space H* can be considered as a closed
subspace of L.

For a given [, z/H*® is the subspace of L* that contains all transfer functions
G(z) such that 77/ G (z) € H® [30].

L? system norm

The space L? can be defined as the space of linear shift invariant discrete system
and linear A-time shift invariant systems with norm defined as [2,30]:

1 T .
1612 = /h_h / 1G (&) dO 227)

1 ~
=[5 2 NGIK I < o0 (2.28)
kel

where G(eje) is the (lifted) transfer function of G, G [£] is the lifted impulse re-
sponse of G, and ||.|| g5 stand for Hilbert-Schmidt norm of an linear operator [69,
§8.11.

The following result is important for later chapters.

Lemma 2.4.5 (Essentially from [31]). If G € L?, then its transfer function G (/%)
is a Hilbert-Schmidt operator at almost all € [—n, 7|

Proof. By (2.27), ||Gll,2 is finite iff |G (e)?) |l s is finite at almost all 6. O

Neither L2 nor L™ is a subset of the other. Howeyver, in the case of transfer
functions that have uniformly bounded rank on the unit circle, we can state the
following Lemma [30].

Lemma 2.4.6. If G is in L* and rank G(eje) < r foralmostall @ € [—x, ], then
G eL? Hererisa non-negative integer.

Proof. See [30, proposition 5.3] U

Lemma 2.4.6 says that if rank G(e’9 ) is uniformly bounded for almost all § €
[—7, 7], then G € L® implies G € L2. The lifted output (or the lifted input)
of a sampler (or a hold) given by (2.22) ( or (2.23)) belongs to C"*5 ( or C"= ).
Therefore, if samplers or holds are in L™ then they are in L? by Lemma 2.4.6.
Moreover, if the sampling function of a sampler and the hold function of a hold
are in L? then the following result holds.
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Lemma 2.4.7. Consider a sampler and a hold given by (2.2) and (2.4) respec-
tively. If the sampling function y of the sampler and the hold function ¢ of the
hold belong to L2, then the sampler and hold belong to L® N L2

Proof. See Appendix 2.A (page 36). O
For a generalization of Lemma 2.4.7, see [30, §VI(A)] and the references

therein.

z/H? system norm

The Hardy space H? is the set of analytic transfer functions G(z) : C\D — Rys
with finite norm given by

1 T o 1 -
G2 == \/ﬂ /_ IG(e)1% 5 dO = /E%ng[k]u%{s

Note that the summation in the above is over non-negative integers only.

Similar to the H? signal norm case, the space H2 can be considered as a closed
subspace of L2 (see also [57, Theorem 12.2.1]).

For a given [, z/H? is the subspace of L? that contains all transfer functions
G(z) such that 77/ G (z) € H>.

Remark 2.4.8. The standard H* norm of a discrete system given in [71] does not

contain the factor \/% However, this scaling is constant, therefore it does not
affect the optimization results in this thesis.

2.5 Causality

Causality loosely speaking says that the effect of an event must happen after the
event has occurred. This section describes the meaning of causality for different
systems in the sampled-data setup. Causality for i-time shift invariant system is
not trivial as we will see in this section.

An analog system G which maps an analog signal to an analog signal, is defined
(classic) causal if

[yG(I —II7) =0, VT eR, (2.29)
where the truncation operator Il is defined as

u®) t<T

(O7u)(@) := [0 fs T

If the analog system is continuous time invariant then it is sufficient to check the
above condition at only one time instant (say 7 = 0) to establish (classic) causality.
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A standard result is that a linear analog system § is (classic) causal iff it is given
by

o0

y=Gu: y@)= / g(t, s)w(s)ds (2.30)

where g(t,s) = 0Vs > t.
Moreover, if the analog system is linear, (classic) causal and A-time shift in-
variant then we have the following standard result.

Lemma 2.5.1. Let G be a linear h-time shift invariant system given by (2.1). Then
G is (classic) causal iff its impulse response system Gk] defined in (2.9) has the
following form

0 k<0
xo = Glklx; : Xo(7) = foT ¢(z,0)xi(0) do k=0
fohg(kh+faff)xi(a) do k>0

where t,0 € [0, h).
Proof. See Appendix 2.A (page 36). O

Remark 2.5.2. Note that in Lemma 2.5.1, Q[O] has kernel g(t, o)1 00)(t — 0)
forall t,o € [0, h). This implies not only the index k (i.e. Q[k] = 0fork <0) but
also the structure of GI0] in the impulse response system Glk] plays an important
role in identifying the (classic) causality of a linear, (classic) causal and h-time
shift invariant system G.

We call an analog signal y causal if y(t) = 0,Vt < 0. Now, it follows from
the above definition that an LCTI system G is (classic) causal if the system output
is casual for all causal inputs i.e. if its impulse response g(¢t) = 0Vt < 0.

Similarly a discrete system G which maps a discrete signal to a discrete signal,
is defined (classic) causal if

G — M) =0 VkeZ, (2.31)
where the truncation operator Ty is defined as

- uln] n <k

(Mgw)[n] := [O Rk

If the discrete system is shift invariant then it is sufficient to check the above con-
dition at only one instant (say k = 0) to establish (classic) causality. We call a
discrete signal y causal if y[n] = 0Vn < 0. Similarly, for a given integer /, we
call a discrete signal y [-causal if y[n + [] is causal. Therefore, it follows from
the above definition that the linear shift invariant discrete system given in (2.7) is
causal if the system output is casual for all causal inputs i.e. if its impulse response
w(k) = O for all integers k < 0.
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nh nh+h

Figure 2.6: Two analog input signals y; and y, used in Example
2.5.4 which are same up to time nh but different afterwards.

Similarly, we can define (classic) causality of samplers and holds. A linear
h-time shift invariant sampler S is defined (classic) causal if

S —Iy) =0 VkeZ, (2.32)
where as a linear /-time shift invariant hold H is defined (classic) causal if
My H( —T) =0 Vk e Z. (2.33)

The following lemma explains how the (classic) causality of a linear h-time
shift invariant sampler is related to its sampling function.

Lemma 2.5.3. Let a linear h-time shift invariant sampler S be given by (2.2).
Then S is (classic) causal iff its sampling function y(t) = OVt < —h.

Although the above lemma is standard (see [30, §V1.2]), the proof is given in
Appendix 2.A (page 37) for reference purpose.

Lemma 2.5.3 says that a (classic) causal linear A-time shift invariant sampler
S equivalently is given by

nh+h
$[n] = / w(nh — t)y(t)dt. (2.34)

—00

Therefore, the output y[n] of the sampler depends upon the input within time inter-
val (—oo, nh+h). To understand this better, let us consider the following example.

Example 2.5.4. Assume that S is a (classic) causal sampler. Also assume that y;
and y, are two analog signals which are the same upto time t = nh but different
afterwards (Figure 2.6). Also denote y = Sy and y, = Sy,. Since y((t) #
y2(1)Vt € (nh, nh + hl, using (2.34) we have typically that yi[n] # y2[n]. Thus
the present output of the sampler depends upon the future inputs.

Now, consider a (classic) causal system G. Denote uy = Gy, and uy = Gys.
Even though, y|(t) # y2(t)Vt € (nh,nh + h], we have that uy(nh) = u(nh).
Thus the present output of the system does not depends upon the future inputs.

Example 2.5.4 shows that the (classic) causal sampler output depends not only
on the present and the past inputs but also on the future inputs in time interval
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[nh, (n + 1)h). If the present output of a system depends upon the present and
past inputs only then that system is called input/output causal. However this defi-
nition of input/output causality is not equivalent to the classic causality of sampler
because the present output at n depends upon the future inputs in time interval
[nh, (n + 1)h). If we need that the output y[n] of the sampler depend upon the
present and the past inputs only, then we need strict (classic) causality of the
sampler which by definition means

l:lk_18(1 — 1) =0 keZ.

The advantage of having (2.32) as the definition of sampler’s causality is that it is
aligned with the (classic) causality definition of the hold, the LCTI systems and
the discrete systems. The difference between classic causality and input/output
causality is explained the following example.

Example 2.5.5. The non-equivalence of input/output causality with the classic
causality can be shown with an example of ideal zero order hold 'H;, given in (2.6)
with hold function Lo p)(t). Here the step function Lo (t) is 1 if t € [0, h),
otherwise it is zero. This hold is classic causal as well as input/output causal.
The adjoint of Hiz is a sampler with sampling function 1o ) (—t) and it is anti-
causal in input/output sense. However by definition of causality in (2.32) both of
the systems are (classic) causal.

Similarly, a zero order hold H, given in (2.5) is classic and input/output causal.
However, its adjoint which is a sampler, is classic causal but not input/output
causal.

The following lemma explains how the (classic) causality of a linear h-time
shift invariant hold is related to its hold function.

Lemma 2.5.6. Let a linear h-time shift invariant hold H be given by (2.4). Then
‘H is (classic) causal iff its hold function ¢ (t) = 0Vt < 0.

Although the above lemma is standard (see [30, §VI.2]), the proof is given in
Appendix 2.A (page 37) for reference purpose.

Lemma 2.5.6 says that a (classic) causal linear /-time shift invariant hold H is
given by

u(t) = Z ¢t —nh)ialn] (2.35)

n< L,’—lj e’

where |¢] means the greatest integer less than or equal to 7.

Equation (2.35) implies that the hold is both classic causal and input/output
causal. The criterion given in Lemma 2.5.6 for the causality of holds looks like the
criterion of LCTI systems and shift invariant discrete systems. In fact the notion
of input/output causality and the classic causality are the same for holds, LCTI
systems and shift invariant discrete systems.
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Now, we define causality of lifted systems. A shift invariant (lifted) system G
(can be lifted analog system G or discrete system G or lifted sampler G or lifted
hold G) is defined (lifted) causal if

G —T) =0, VkelZ. (2.36)
where the truncation operator 1, is defined as

un] n<k

(i) [n] := [0 ok

where the lifted & is i if the signal is analog or i if the signal is discrete.

Remark 2.5.7. Lifting the definition of (classic) causality of a discrete system,
sampler and hold given in (2.31), (2.32) and (2.33) respectively, leads to the
(lifted) causality definition given in (2.36). However, for an analog system G we
have

- ulnl(z) n <k

iulnl(r) := [0 ne ke

Therefore, T1I;G(I — TIz) = 0 in (2.36) means Iy, G(I — Ixy) = 0. This is
not equivalent to the classic causality definition given in (2.29) because there it
must be true for every time instant T € R not just at kh. In other words, classic
causality implies lifted causality but not otherwise for an analog system in gen-
eral. However, if G is continuous time invariant then the classic causality and the
lifted causality are equivalent. Most of the times in this thesis the signal models
G are LCTI therefore the classic causality and the lifted causality are equivalent.
However, in general, care must be taken in the study of causality [30, remark 6.1].

The (lifted) causality leads the following simple condition on the lifted impulse
response system.

Lemma 2.5.8. Given a lifted system G( can be lifted analog system G or discrete
system G or lifted sampler G or lifted hold G). Now, G is (lifted) causal iff its lifted
impulse response system G[k] = OVk < O.

Proof. We have
Ikl =D " Glk —ildlil, ke Z
ieZ
For (lifted) causality we must have zero output for input w[i] = OVi < O i.e.
i ~
FIkl =D Glk —ilbli] =0, Vk <0
i=0

This implies G[k] = OVk < O. O
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As a special case if G is an analog (lifted) causal system then the impulse
response system G[k] defined in (2.9) has the following form

0 k<0
Xo = G[k]x, : XO(T) = f()h g(r’ 0'))6,’(0') do k=0
f()hg(kh‘l‘f,o')xi(o')da k>0

where 7,0 € [0, h). Here Q[O] does not has the structure needed in Lemma 2.5.1
for classic causality. This again leads to the fact that the lifted causality is not same
as the classic causality for analog systems in general.

Now, we show that if G is LCTI then Q [0] have the structure required in Lemma
2.5.1 for classic causality.

Lemma 2.5.9. Let G be a linear analog system. If G is LCTI and lifted causal then
the impulse response system G[k] defined in (2.9) has the following form

0 k <0
xo = GIklx; : Xo(1) = foT ¢(z,0)xi(0) do k=0
fohg(kh‘l‘f,ff)xi(a)da k>0

where t,0 € [0, h).

Proof. 1t follows from Lemma 2.5.8 that g(kh + 7 — ) = OVk < 0. This means
g(t) = 0fort < 0. This further implies

gt —0)=0,ifc > 7
O

Lemma 2.5.9 shows the lifted causality is the same as classic causality for
LCTI analog systems.

In summary, we have seen that the lifted, classic and input/output are not al-
ways equivalent (see Example 2.5.5 and Remark 2.5.7).

Remark 2.5.10. In this thesis, we consider the lifted causality of the systems most
of the time. Therefore, from now on, whenever we refer to causality we mean
(lifted) causality in this thesis.

Similar to the discrete signals, we call a lifted signal y causal if y[n] = 0, Vn <
0. Similarly, for a given integer /, we call a lifted signal y [-causal if y[n + [] is
causal.

For a given integer [/, a shift invariant lifted system G is defined [-causal or
relaxed causal if

MG —Tx) =0, kelZ

This means that for a causal lifted input, the lifted output of an /-causal system
is [-causal. In other words, the present lifted output at k depends upon all lifted
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inputs up to k + [. Here, a causal system means / = 0 and a strictly causal system
means [ = —1.

Anti-causality is just opposite of the causality. A system is defined anti-causal
if its adjoint (see Section 2.4.2) is causal. Note that the relaxed causal systems
with / > 0 are neither causal nor anti-causal.

2.6 Stability

Stability of a system loosely speaking means that the output of the system is
bounded for a bounded input. At any point of time, we never want that due to
some bounded noise or external disturbances the output of our system grow un-
boundedly. Therefore, stability is desired for each component of the sampled-data
setup given in Figure 2.3. In sampled-data system theory stability is defined as
follows [30].

Definition 2.6.1. A linear h-time shift invariant system G is defined stable if its
lifted system G is a bounded operator from £*(Z) to €*>(Z).

It is clear from Definition 2.6.1 that an analog system g is stable if it a bounded
operator from L?(R) to L%(R), a discrete system W is stable if it is a bounded
operator from £2(Z) to £>(Z), a sampler S is stable if it is a bounded operator
from L?(R) to £2(Z), and a hold 7 is stable if it is a bounded operator from £>(Z)
to L2(R).

Proposition 2.6.2. A linear h-time shift invariant system G is stable iff its induced
L norm is finite i.e. ||G|lL < 0.

Proof. See [30, theorem 6.1]. (|

Note that an ideal sampler does not belong to L°° therefore it is not stable [30].

Example 2.6.3. Let an LCTI analog system G : L>*(R) — L2(R) be given by
G(s) = C(sI — A)_IB + D in the Laplace domain, where A, B, C, D are
constant matrices. Then G € L™ (hence stable) if A does not have eigenvalues on
the imaginary axis [11, §2.2]. In this case, the impulse response g(t) of the system
G has a causal part determined by the poles of the system in left half plane and anti-

causal part determined by the poles of the system in right half plane. For example,

A 0 B .
let A = [ OC A, l B = |:B; ,and C = [Cc Cu] where A, has eigenvalues
strictly in the left half plane and A, has eigenvalues strictly in the right half plane.

Then the impulse response of the system is given by g(t) = g.(t) + g4(t) where
gc(t) = CCeACtBC]l[O,oo)([) + Dé(t)
8a (t) = CaeAatBa]l(—oo,O)(t)~

Here g (t) is the causal part and g,(t) is the anti-causal part of the impulse re-
sponse g(t). For more details see [64, §3.4.2]. Since ffooo |g(t)|dt is defined, the
system is stable [15, theorem 0.11].
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Let a linear shift-invariant discrete system G : €*(Z) — €*(Z) be given by
G(z) = C(zI — A)~'B + D in the z-domain where A, B, C, D are constant
matrices. Similar to the analog system case, it can proved that G € L® (hence
stable) if A does not have eigenvalues on the unit circle. Here, the impulse re-
sponse has a causal part determined by the poles (strictly) in the unit circle and a
strictly anti-causal part determined by the poles (strictly) outside the unit circle.

2.6.1 Stability with causality

It is shown in [30] that if a (lifted) system G (analog, discrete, sampler or hold) is [-
causal and stable then G belongs to z/H*. The proof of the following proposition
can be found in [30].

Proposition 2.6.4. A bounded linear h-time shift invariant system G: H*>
7l H? has induced norm ||G || .~ and G € z'H*®.

Example 2.6.5. Let an LCTI analog system G : L*>(R) — L*(R) be given by
G(s) = C(sI — A)~'B + D in the Laplace domain, where A, B, C, D are
constant matrices. Then G € H*® if A is Hurwitz (i.e. all eigenvalues of A have
strictly negative real part) [16, §2.3].

Let a linear shift-invariant discrete system G : €* — €2 be given by G(z) =
C(zI — A)™'B + D in the z-domain, where A, B, C, D are constant matrices.
Similar to the analog system case, it can proved that G € H*® if A is Schur (i.e. all
eigenvalues of A are strictly in the unit circle) [14, §4.3].

2.7 Concluding remarks

In this chapter we reviewed some fundamentals of the sampled-data system. We
also reviewed the concept of lifting, lifting transforms, lifted transfer functions,
lifted signal and system norms.

2.A Proofs

Proof of (2.2). A linear sampler is given by

Sk = / w1 (kh, )y(s) ds

where /1 is the kernel of the sampler. Since the sampler is A-time shift invariant
we have that w(kh, s) = y1(kh + mh,s + mh) for any integer m. In particular
for m = —k, we have

vkl == / w1(0,s — kh)y(s) ds.

—00

Defining w (kh — s) := y1(0, s — kh), we have the desired form. O
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Proof of (2.4). The proof is essentially from [27]. Let ¢ be the output of a hold H
with input J i.e.

¢ :="Ho
Then by h-shift invariance of the hold, if the input is delayed by an integer £ i.e.

O[- —k], then the output is ¢ (- —kh). Since it[n] = >,y oln —klilk], by linearity
we have

Mii :=H Y _ 5[ — klalk] = D_ ¢(t — khyi[k]

keZ keZ
O
Proof of Corollary 2.2.3. Using (2.4) and (2.7), we have
u=HW5 : u@t)= ¢(t—nh) (Z wln — k]y[k])
nez keZ
= Z(Zw — nh)iln — k])y[k]
keZ \neZ
= Z(Z P — (i + k)h)u?[i])&[k]
keZ \i€Z
Therefore, H)V has hold function 3", _, #(t — ih)wl[i].
Similarly, using (2.2) and (2.7), we have
i=WSy : ﬁ[n]:Zu‘)[n—k]/ wkh —s)y(s) ds
keZ -
= / (Z wln — kly (kh — s))y(s) ds
~ \kez
= / (Z wlily(nh —ih — s))y(s) ds
> \iez
Therefore, WS has sampling function Dz wlily(t —ih). O

Proof of Corollary 2.3.9. Given that f(e/?; 7) of the lifted signal f exists. If £ is
real, then f is real. In that case,

fe,0) =" fkh+ )% =" f(kh+1)e ™ = f&’, 1).
k k
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On the other hand if f(ej‘g; 7) = f(e—jg, 7) is true then,
@) = fe, o)
= [ FfE 0% a0 = [  Fei?; r)e ao

= [ F&0e% a9 = [ Fe0, r)ek ap

= f(©?; 7)el%* q = f(ei?, 7)ei% 4§, changed § = —6

-7 -7

1 (7 . . 1T .
:>—/ f@; )% qo = — | F(elf, r)ei% do
27 J_» 27 J_»

v

= fIK(2) = f1KI(2)
Therefore f is real, which implies f(¢) is real. O
Proof of Lemma 2.4.7. Using [30, Proposition 5.1], we have

L 1
SE)STE) = = > yloy” (o)
keZ

Since y(f) € L2, therefore y(jw) € L>(jR). Let for a given 8 € [—x, 7],
wolk] = w(joy). Since y (jw) € L*>(jR), we have g € £2. Therefore,

> wo)y™ (oo = lval3

keZ

converges for almost all §. Hence, the singular values of S (eja)é’w (%) are finite
for almost all 6. Therefore ||S|lLe = essSUpye_z 1] ||.§'(ej9)||oo is finite. The
same is true for hold by duality.

Note that the transfer function of samplers and holds have uniformly bounded
rank at almost all § € [—x, x]. Therefore, if samplers and holds are in L*° then
they are in L? by Lemma 2.4.6. O

Proof of Lemma 2.5.1. Since G is linear, we have
o0
Y0 = [ sttwisrds
—00

Now G is (classic) causal iff g(z, s) = OVs > . This implies

¥(1) = /_ ¢(t, )w(s)ds

Lifting y(¢), we have

kh+t
y(kh 4+ 1) = / gkh + 7, s)w(s)ds

—00
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where 7 = [0, ). The above is equivalent to

k=1 (i+1D)h
Z / gkh + 7, 5)w(s)ds
ih

i=—00

kh+t
y(kh + 1) :/ glkh + 7, s)w(s)ds +
kh

Using h-time shift invariance and change of variables (s = ik + 0 ), we have

FkI(r) = /O o(z, )k (0)do

k—1 h
+ > / g((k —i)h + 1, 0)0[il(0)do
0

i=—00

Proof of Lemma 2.5.3. Since the sampler is (classic) causal, we have that
o0
y[n] =/ wnh—1)y@t)dt =0 Vn <0
—00

for all causal input signals y. This implies that (mind the interval of integration)

Fln] = /OO w(nh —t)y(t)dt =0 Vn <0 (2.37)
0

This implies that w(nh —t) = 0Vn < 0,¢ > 0 which means y (t —h) = 0, V¢t < 0.
This further implies that (classic) causal sampler is given by

$n] = / p Ok = s

nh+h

_ / v (nh — 1)y()di

—00

Proof of Lemma 2.5.6. Since the hold is (classic) causal, we have that
u(t) =D ¢t —nh)iln] =0 vt <0
nez
for all causal input signals i. This implies that
u(t) = ¢t —nhyia[n] =0 vt <0
neN
This implies that ¢ (r — nh) = OVt < 0,n > 0 which means ¢ () = 0 Vr < 0.

Therefore, a (classic) causal hold is given by

u@®y= > ¢t —nhyiln].

n< L;—lj R






Chapter 3

Frequency truncated norms

3.1 Introduction

Figure 3.1: Sampled signal reconstruction setup

A fairly general sampled-data setup is shown in Figure 3.1. Here an analog
signal y is sampled by a sampler S (with sampling period %) to produce a discrete
signal y. Then the hold H converts the discrete signal y back to the analog domain.
This reconstructed signal # must resemble our original analog signal y. To check
the quality of the reconstruction process, u is compared with y. To measure the
quality of reconstruction process, it is common in sampled-data system theory to
use the L2 or L® norm [3, 2, 30] of the mapping from w to ¢ = y — u. This
mapping is given by

Ge := (I — HS)G.
The joint design of an L? or L™ optimal sampler-and-hold given a real linear con-
tinuous time invariant system (LCTI) G is well known (see [31] and the references

there in). As an example, consider an LCTI system G € L*™ N L? with frequency
response G (jw) that is baseband dominant i.e

|G (jw)| > |G(j(w + 2nwn))| Vn € Z,w € [0, ox] (3.1

where wy := 7- is the Nyquist frequency corresponding to sampling period / (see
Figure 3.2(a)). Now, it follows from [31, example 6.1] that both the L% and L™
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0 N w— 0 N o —
(a) Frequency magnitude response of a base- (b) Frequency magnitude response of
band dominant G HoptSopt

0 N o —> 0 (o3 0=
(c) Frequency magnitude response of (I — (d) Frequency magnitude response of
HoptSopt)G HoptSoptG

Figure 3.2: Frequency magnitude responses at various points in
sample-data reconstruction setup if the frequency response is base-
band dominant and the sampler and hold are L? or L> optimal.

optimal sampler is a cascade of the ideal low-pass filter which passes the frequency
band [0, wy], followed by the ideal sampler i.e.

o]

] e
F= Sy Stk = [ sineykh — 0)y(o) dr

—00

and the optimal hold is the sinc interpolator

w="Hopy: u(t)= Y ylklsincy(t —kh).
keZ

Here sinc;, (t) = sin(wn?)/(wnt). Therefore, by the Shannon sampling theorem,
the cascade HoptSopt is the ideal low pass filter with cut-off frequency cwy and
it is LCTI (see Figure 3.2(b)). This cascade HopiSopt results in an LCTI G, =
(I — HoptSopt)G wWhose frequency response is the same as that of G but without
the band passed by HoptSopt (see Figure 3.2(c)). Since G, is LCT], its squared L2
norm can be calculated as:

o Lo 1 < . .
I1Gell> = = 1G(o)|” do = ;tf G (j0)G(jo) do
wN WN

where G (jw) is the frequency response of the LCTI system G. Similarly, since
HoptSopt¥ is an LCTI system with frequency response shown in Figure 3.2(d), its
squared L? system norm can be obtained as

1 [ox : 1 N .
”Hoptsoptg”iz = _/ ||G(JCO)||2 do = — tr/ G (]w)G(]w) do.
T Jo T 0
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Therefore, the calculation of a truncated finite and a semi-infinite integral is re-
quired for obtaining the system norms ||Ge|l; 2 and || HoptSoptG ||i2 (if finite). Gen-
eralizing the situation, the basic integrals that need to be calculated can be written
as

1 o0
||Q||6201 = —tr/ G (jw)G(jw) dw (3.2)
T o
and
2 1 Qu . .
||g||[wl,wu] = - tr G (jo)G(jw) dw 3.3)
(2]

where G is LCTI and w,, > ; > 0. For a given w; and wy, |G ||, and (|G|l [w;,w,] are
known as frequency truncated norms. In the same way, if G (jw) is not baseband-
dominant then the optimal HS cancels the frequency band(s) in which the fre-
quency response gain of G is dominant [31]. In this case, the optimal sampler
comprises of the ideal sampler and an ideal passband filter whose frequency pattern
might be rather complicated. But in any case the optimal HS cancels some finite
frequency bands from |G (jw)|. Again to calculate the ||Gell;2 (or [ HoptSoptG Iy 2)
in this case, the fundamental requirement is to calculate integrals of type (3.2) and
(3.3). Another interesting case arises when G (jw) has an imaginary axis pole jo
for some w > 0. In this case, HS cancels a frequency band of |G (jw)| that con-
tains this imaginary axis pole in order to have a finite ||Ge/|l; 2 (see [31] for details).
Again the fundamental fact is that the calculation of the ||Ge|l;2 (f finite) in this
situation requires the calculation of integrals of type (3.2) and (3.3).

In summary, the calculation of integrals (3.2) and (3.3) are required in the
sampled-data system theory. These integrals are also studied in the context of
model reduction by [17] for a proper rational G (s) with real coefficients. However,
there are some subtleties, in particular related to finiteness of the semi-infinite
integral (3.2) and to the problem posed by imaginary poles of G(s). Similar to
[17], only proper rational systems are considered in this chapter. An advantage
of using rational G(s) is that it provides a good approximation of a wide range
of LCTI transfer functions and that it is computationally efficient due to its finite
dimension. An advantage of a proper rational G (s) with real coefficients is that it
can be realized in state space as G(s) := D + C(sI — A)~' B where A, B, C and
D are real matrices. This realization will be used throughout this chapter. Clearly
the semi-infinite integral (3.2) is infinite if D # 0. Therefore, D is assumed zero
whenever the semi-infinite integral is discussed. For the finite integral there is no
such condition. All the subtleties related to imaginary axis poles of a given proper
rational system G (s), along with expressions for the integrals (3.2) and (3.3) are
the main content of this chapter. This chapter is based on the papers [33, 34].
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3.2 A generic version

If a proper rational system G (s) is realized as D 4+ C(sI — A)~! B then
G~ (s)G(s)=D+C(sI —A)~'B
where (see [70, §3.4])

A 0 B
[4’*} =| =-cTc -AT | -c'D |. (3.4)
p'c BT | D™D

Now, we have

Q> oY
| &>

tr/ G~ (jo)G(jw) dw = tr Dw + tr/ C(jwl — A)7'B do. (3.5)

To evaluate the integral in the right hand side of the above equation, we consider a
generic problem of integrating a transfer function K (s) := C(sI — A)~!B over a
part of imaginary axis i.e.

oo

K (jo)dw = /OO C(jwl — A)~'B dw (3.6)

o] [}

where A, B, C are possibly complex matrices and w; > 0.
To understand the subtleties in the integration of K (jw), let us consider an
example.

Example 3.2.1. Consider K (s) = 1/(s*> + 1). It has poles at %j on the imaginary
axis. Consider the following semi-infinite integral with positive real wj :

oo oo

K (jw)dw =/ 1/(—0® + 1) do

_ [%log(gj—;}) w > 1

not defined w; <1

[}

Note that the above integral exists only for w; > 1. Now consider the following
finite integral with real w; and w,, such that w, > w;:

/w" K (jo)dw = / 1/(=c? + 1) dow

] (2]}
1 (u+1)(ey—1)
_ [ $1og (2Rt 1 ¢ e, el
not defined 1 € [wy, w,]

Here, again integration over the imaginary axis pole 1 is not defined. But other-
wise it is defined and finite even if the limits w, and w; are less than 1. This result
is also visible from Figure 3.3. If both the limits w, and w; lie in the same shaded
region of the Figure 3.3 then f;;;" K (jo) dw is defined.
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1

Figure 3.3: K (jw) with respect to frequency w. The shaded region
shows the integrable portion of K (jw).

Example 3.2.1 shows the role of imaginary axis poles of K (s) in the existence
of truncated integrals. Another important factor to note in the example is that log
is a multi-valued function over C. To make it single-valued and analytic we take
from now on, the principal logarithm. If a complex number z € C does not lie on
the non-positive real axis R~ then its principal logarithm log(z) is defined as [48]

log(z) := log(|z|) + j Arg(z) 3.7

where Arg(z) € (—=, 7] is the principle argument function [48, chapter 3]. Sim-
ilar to Example 3.2.1, it can be expected that integrating the transfer matrix K (s)
results in a logarithm of some matrix. A short overview of matrix functions and
the logarithm in particular is given in Section 3.2.1. After equipped with matrix
logarithm, an anti-derivative of K (jw) can be obtained, hence the integral (3.6).
This is discussed in Section 3.2.2.

3.2.1 Matrix functions and principal logarithm

The purpose of this section is to provide a quick overview of the theory of matrix
functions and principal logarithm as described in Chapter 1 of [19] along with
some theorem useful in evaluating integral (3.6).

The following is a standard result in Linear Algebra.

Lemma 3.2.2 (Jordan canonical form). Every matrix A € C"*" can be written in
a Jordan canonical form

A = Zdiag(J1, Ja, -+, J)NZ 7", (3.8)
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where the Jordan block Ji is a matrix of the form

A 1
Jk — /lk e (QMxmi ,
1
Ak
Z is an invertible matrix, and A1, A2, - - - , A, are the eigenvalues of A.
Proof. See [54, chapter 5]. O

Remark 3.2.3. An eigenvalue of A can be associated with more than one Jordan
block. Therefore in general the number of distinct eigenvalues can be less than or
equal to p. In this section, we denote all distinct eigenvalues of A by 11, -+ , As
and the order of the largest Jordan block associated with A; with n;.

The following terminology is needed in the definition of Matrix functions.

Definition 3.2.4. A function f : C — C is said to be defined on the spectrum of
the matrix A if

PG, k=0,...,ni—1,i=1,...,s

exist. Here f® denotes the k-th derivative of f, and A; and n; are as in Lemma
3.2.2 and Remark 3.2.3.

Now, the matrix function can be defined as follows:

Definition 3.2.5. Let (3.8) be a Jordan canonical form of the matrix A € C"*"_ If
a function f : C — C is defined on the spectrum of A, then

f(A) := Zdiag(f(J1), f(J2), -+, fF(Ip)Z 7!

where
FO0 fOG e Lo
f(Jk) = f(/lk) .
FO )
fG)

Clearly, for a complex matrix A, log(A) is defined only when the scalar func-
tion log(z), z € C is analytic on the spectrum of A (see Definition 3.2.4). A
standard convention is to use the principal logarithm and this is analytic on the set
C\R~. This implies that, to have a proper definition of log(A) its eigenvalues must
not lie on the non-positive real axis R™. Similar to the scalar principal logarithm,
the principal logarithm of a matrix A is thus defined as follows,
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Definition 3.2.6 (Principal logarithm). If'a complex matrix A does not have eigen-
values on the non-positive real axis R™ then the principal logarithm of A is defined
as

log(A) := Z diag(f (J1), f(J2), -+, f(I)Z! (3.9)
where
log(A 1 L e
og( k) Tk (mk—l)l;:'k_l
log(Jy) == log(4x)
1
Ak
log(4x)

where the scalar principal logarithm is defined in (3.7).

Existence and uniqueness of the principal logarithm of a matrix A are proved
in [19, Theorem 1.28 and 1.31].

The following properties are directly visible from the definition of matrix func-
tion and are proved in [19].

Lemma 3.2.7. If a complex matrix A does not have eigenvalues on the non-
positive real axis R™, then its principal logarithm log(A) exists and satisfies the
following properties:

1. log() is an eigenvalue of 1og(A) if Ak is an eigenvalue of A.
. log(dlag{Ala Azs ) Al’l}) = dlag{log(A1)5 IOg(AZ): ) log(An)}
3. log(TAT™") = T'log(A)T.

[\

4. log(A)* =log(A*").
5. If A is real, then log(A) is real.

Proof. All the results follow from [19, Theorem 1.13] and [19, Theorem 1.18].
O

Matrix integral

In this section, we will use the definition of matrix function and logarithm to derive
some important results which eventually helps in evaluating the integral (3.6). We
start with the following small but useful lemma.

Lemma 3.2.8. If w, and w; are real numbers then the complex function

oy + ]z
z) :=1lo —, zeC
fiog(2) g(wlﬂz)

where log means the scalar principal logarithm (3.7), is well-defined and analytic
iff z ¢ [jou, joy]. Here [jowy, jo,] denotes the set of convex combinations of jo; and
jwlt'
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Proof. See Appendix 3.A (page 53). O

The above lemma is used to prove the following important theorem that has
application in evaluating the integration of a rational transfer function.

Theorem 3.2.9. Given a matrix A € C"*" with Jordan canonical form given by
(3.8). Define wmax := max wy where the maximum Uis taken over all imaginary
eigenvalues joy of A. Then,

1. on o € (wmax, 00), the function log(wl + jA) is an analytic anti-derivative
of (wl +jA)~L.

2. if A has no imaginary eigenvalue jo with o € [w;, w,] where w; and w, are
real numbers, then

/ (I +jA)~" do = log ((a)ul iAol +jA)—1)

(2]

where log is the principal logarithm (see Definition 3.2.6).

Proof. See Appendix 3.A (page 53). O

It is interesting to note that if @ < wmax, then anti-derivative f (ol + jA)‘1 dw
cannot be written as log(w/l + jA) simply because it has an eigenvalue on the non-
positive real axis R~. But a finite integral exists if limits w; and w, satisfy the
condition given in part (2) of Theorem 3.2.9.

Following are a few extensions of Theorem 3.2.9:

Corollary 3.2.10. Given a matrix A € C"*", then
1. limy o0 log(w! +jA) —log(w)! = 0.
2. limg—, o imag (log(wl + jA)) = 0.
where log is the principal logarithm (see Definition 3.2.6).
Proof. See Appendix 3.A (page 55). O
The following result is also useful:
Proposition 3.2.11.
1. If A is Hurwitz then imag(log(jA)) = imag(log(—A)) — 51
2. If A is Hurwitz and real, then imag(log(jA)) = =51

Proof. See Appendix 3.A (page 55). O

L omax = —oo if A has no eigenvalues on imaginary axis.
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X
Jjwo X X X
JF x
X
spectrum of A spectrum of wol + jA spectrum of jogl — A

Figure 3.4: Given a spectrum of A and given an wg > wmax (left),
the other two plots show the spectrum of wol + jA and jwol — A.

3.2.2 Integration of a transfer function

We return to the problem of integration of a strictly proper rational transfer func-
tion K(s) := C(sI — A)~'B. Equipped with the matrix logarithm, an anti-
derivative of K (jw) can be obtained as:

Lemma 3.2.12. Define wmax := max wy where the maximum is taken over all

imaginary eigenvalues joy of A. An anti-derivative of K (jo) := C‘(ja)l —A)~'B
with A, B, C complex matrices, on (wmqx, ) is

/K(jw)dw = —jClog(wl +jA)B. (3.10)

Proof. Follows from Theorem 3.2.9(1). |

Analogous to the scalar case [ 1/(j(w — wy)) do = —jlog(w — wy) for all
w > wy, it seems intuitive that (3.10) is an anti-derivative of

K (jw) = —jC(wl +jA)'B. (3.11)

However, this intuition may lead us to a wrong conclusion that the anti derivative
of K (jw) = C(jwl — A)~'B on (wpmax, 00) is

—iC log(jwI — A)B (3.12)

as we see next. It is generally wrong because as w varies in (@mpax, 00) some
eigenvalues of jol — A may cross the branch cut (the non positive real axis) of
the principal logarithm, and this makes the candidate anti-derivative (3.12) dis-
continuous (and wrong), see Figure 3.4(right). Extracting j from the realization
of K (jw) as done in (3.10) avoids this problem because now the matrix whose
logarithm we take, wl + jA, by construction has no eigenvalues on the branch
cut when o € (wmax, 0), see Figure 3.4(middle). All this is happening because
the non-positive real axis R is used as a branch cut for the principal logarithm,
which is standard across literature. If the non-positive imaginary axis would have
been chosen as branch cut for logarithm, then extraction of j from the realization
of K (jw) would not have been needed at all.

Now it is a matter of putting the limits in the anti-derivative of K (jw) to eval-
uate the semi-infinite integral (3.6):
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Theorem 3.2.13. Suppose that K(s) = C(sI — A)~'B with A, B, C complex
matrices. If CB = 0, then

o
K (jo) do = jC log(wI + jA)B (3.13)

o]

provided that w; > Wmax 1= max w where the maximum is taken over all imag-
inary eigenvalues joi of A. If CB # 0, then the semi-infinite integral in the left
hand side of (3.13) is not defined.

Proof. Using Lemma 3.2.12, Corollary 3.2.10(1) and CB = 0, we obtain

oo o0 - - -
/ K (jo) do = —j/ C(wl +jA)"'B dw
] ]
=iC log(w;I +jA)B —j lim log(w)CB
w— 00
=iC log(w;I +jA)B.
Clearly if C B # 0 then we do not have finite norm. O

The condition C B = 0 is required to control the growth of the logarithm func-
tion as frequency w increases. The condition C B = 0 is equivalent to K (s) having
relative degree 2 or more. This can be seen as follows:

K(s)=s"'CU—-A/s)"'B
=s'CU+A/s+ (A/s)>+---)B, for |s| > ||A|l
=CBs '+ CABs >+ CA?’Bs 3 + ...
From this it is clear that the relative degree of K (s) is 2 iff CB=0.
Sometimes, we just need the trace of the integral in (3.6). In this case, the

condition C B = 0 will change to condition tr CB = 0 as shown in the following
corollary.

Corollary 3.2.14. Suppose that K(s) = C(sI — A)™'B with A, B, C complex
matrices. If tr C B =0, then

oo
/ tr K (jow) dow = jtr Clog(wiI +jA)B (3.14)
oy

provided that o) > ®max I= max ok where the maximum is taken over all imagi-
nary eigenvalues joy of A. If tr CB # 0, then the semi-infinite integral in the left
hand side of (3.14) is not defined.

Proof. Similar to the proof of Theorem 3.2.13. O
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3.2.3 Finite integral for proper K (s)

If a proper rational transfer function K (s) = C(sI — A)~!B has relative degree
1, then the semi-infinite integral (3.13) does not exist because limy_, o K (jo) =
CB + 0 is nonzero. In Theorem 3.2.16, the condition CB = 0 is required only
to make the integral finite at @ = oo, but if the upper limit is finite then there
is no need of this condition. Similarly, if K (s) has a state space realization D+
C(sI — A)~'B with D # 0, then also the semi-infinite integral (3.13) does not
exist, because limy_, o K (jo) = D nonzero. However, a finite integral may still
exist in the above cases:

Proposition 3.2.15. Ler K (s) = C(sI—A)~' B+D be a realization with A, B,C, D

real matrices. Then

/ K (jo) do = —jC[log(w, I + jA) — log(w;I +jA)]B + D(w, — w;)

o]

(3.15)
provided that w; and w, are finite, and greater than Omax ‘= Max wi where the
maximum is taken over all imaginary eigenvalues joy of A.

Proof. Follows from Lemma 3.2.12. d

Proposition 3.2.15 requires that both the limits should be greater than wpygax.
However, in the scalar case (see Example 3.2.1 and Figure 3.3) and in Theorem
3.2.9(2), the only requirement is that the imaginary axis poles should not lie in be-
tween the limits of integration. This suggests that the finite integral in the Propo-
sition 3.2.15 can be further generalized. Indeed.

Theorem 3.2.16. Given finite w,, w; € R. Let K(s) = C(sI — A)"'B + D be
a realization with real A,B,C,D matrices and suppose that A has no imaginary
eigenvalue jo with o € [w;, w,]. Then,

/wu K (jo) do = —jClog(Q)B + D(w, — w)).

(]
where
Q = (w1 +jA) (] +jA) " = (o d — A) oyl — A)~L (3.16)
Proof. Follows from Theorem 3.2.9(2). |

Notice that the extraction of j from (jol — A) — which was needed earlier to
avoid eigenvalues on the branch cut R~ — cancels in the formula for Q. In fact,
any non-zero complex number can be extracted. In any case  has no eigenvalues
on the non-positive real axis R~ if A has no imaginary eigenvalue jo with @ €
[y, w,] (see Lemma 3.2.8 also).

The remaining subsections contain applications and special cases of Theorem
3.2.13, Corollary 3.2.14 and Theorem 3.2.16.
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3.3 Computation of frequency truncated L>-norm

We return to the truncated integrals (3.2) and (3.3). If G(s) := C (sI — A)~!B,
then G~'G can be realized as (3.4) with D = 0. In this case tr CB = 0, so the
semi-infinite integral (3.2) can be obtained via Corollary 3.2.14.

Proposition 3.3.1. For a real system G with given transfer matrix G(s) := C(sI —
A)~!B, the truncated norm (3.2) satisfies

1 L
1917, = —tr (JClog(wll —I—]A)B) (3.17)

provided that w; > wmax ‘= max |wy| where the maximum is taken over all imagi-
nary eigenvalues jwy of A, and A, B, and C are as in (3.4) with D = 0.

Proof. Since Ais real, max |wy| is same as max wy. Also, as tr CB = 0, the result
follows from Corollary 3.2.14. O

If the A matrix of G(s) does not have a pole on the imaginary axis, then wmax
can be taken as —oo. This means wj is allowed to be anything, in particular zero.
This case arises if G(s) is stable which is equivalent to say that A does not have
eigenvalues on the imaginary axis (see Example 2.6.3). Considering only the stable
and causal G (s) case (see Example 2.6.5), it will be shown in next section that this
leads to a more computationally efficient form of (3.17). A discussion similar to
the stable and causal systems also follows for stable and anti-causal systems.

3.3.1 Stable and causal G(s)

It is a classic result that the squared L?-norm

1 o0
IG5 = ;tr/o G~ (jo)G (jw) do (3.18)

of a stable and causal finite dimensional system G with given transfer matrix
G(s) = C(sI — A)~'B can be computed via the solution of a linear equation.
Specifically, if A is Hurwitz then

IGI3, = w(B" PB) (3.19)
where P is the unique solution of the Lyapunov equation
ATp+PA=-CTC, (3.20)

see e.g. [70, Lemma 2.1]. If A is a square matrix of dimension n, then ||g||i2

obtained via (3.19) is given in terms of an n X n matrix whereas ||g||i2 obtained
via (3.17) is given in terms of an 2n x 2n matrix. This suggests that there may exist
a simplification of (3.17) that requires only a n x n matrix, in case of a Hurwitz A
matrix.
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Theorem 3.3.2. Let G(s) = C(sI — A)~'B be a realization with A, B, C real
matrices and A Hurwitz. Then

IGI12, = —2 imagtr(B” P log(w] +jA)B) (3.21)

w;

= ||g||i2 - %imag tr(BT P log(jw;I — A)B) (3.22)
where P is the unique solution of the Lyapunov equation (3.20).

Proof. See Appendix 3.A (page 55). O

In Theorem 3.3.2, Hurwitzness of A helps in two different ways. First, a so-
Iution of the Lyapunov equation (3.20) is guaranteed to exist, and second, the
eigenvalues of the matrices w;/ 4 jA and jow;I — A do not lie on the non-positive
real axis R™. This guarantees the existence of log(w;I + jA) and log(jey I — A)
for all w; € R.

For w; = 0 we recover (3.19). Indeed for w; = 0, (3.21) reduces to
2 —2 T prs .
19130 = —1tr (B Plimag logQA)]B)
—2 Tpr % T
= —u (B P[TI]B) —u (B PB) .

Here Proposition 3.2.11 is used, which states that imag(log(jA)) = —75 I for every
Hurwitz and real matrix A.

The following example shows an application of Theorem 3.3.2:

Example 3.3.3. Given a stable and causal system G with transfer function

1

) =G 612

The state-space realization of G(s) is C(sI — A)~'B + D where

—4 -5 21
A |1t 0o oo
[CD}_OIOO
0 0 1]0

Figure 3.5 (page 52) shows the truncated norm |G|, with respect to truncation
frequency wy, as calculated by (3.21). As expected, the truncated norm converges
to the Hy norm of the system when w; tends to zero and converges to 0 when w;
tends to infinity.

The next section explains the computation of the finite integral (3.3).
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Gl

1Glley

0 W] —

Figure 3.5: Truncated norm for Example 3.3.3 at different trunca-
tion frequencies.

3.3.2 Finite integral for G(s)

Similar to Section 3.2.3, assume that G (s) is proper with a state space realization
G(s) := D + C(sI — A)~!' B with a non-zero D. In this case, the semi-infinite
integral (3.2) does not exist because limy,—, 00 G~ (jo)G (jo) = D*D is a nonzero
quantity. Nevertheless, a finite integral may still exist.

Theorem 3.3.4. Tuke w,, w; € R. Let G(s) = C(sI —A)~! B+ D be a realization
withreal A, B, C, D matrices and suppose that A has no imaginary eigenvalue jo
with o € [w;, w,]. Then,

1 .oA A A R
1912100 = — (—J tr € 1og(Q) B + tr D(w, — a)l)) (3.23)

where Q := (w, 1 +jA)(a)11 +jA)_1,and A, B, C and D are as defined in (3.4).

Proof. Follows from Theorem 3.2.16. O

Finite integral for stable and causal G (s)

Similar to Section 3.3.1, if A is Hurwitz then the following simplified form is
possible.

Theorem 3.3.5. Let G(s) = D+ C(sI — A)~' B be a realization with A, B, C, D
real matrices and A Hurwitz. Then

2. 1
IIQII[zw[,wu] =— imag tr ((BTP +DT0) log(Q)B) + —~ tr DT D(w, — w)
(3.24)

where Q := (w,I +jA)(wi ] +jA)~" and P is the unique solution of the Lyapunov
equation (3.20).

Proof. See Appendix 3.A (page 56). O
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3.4 Conclusions

This chapter gives expressions in terms of principal logarithms for frequency trun-
cated norms of stable and unstable systems. There exist computationally efficient
algorithms, not relying on the Jordan form, to compute the principal logarithm.
One such algorithm is implemented in MATLAB [10]. A computationally efficient
form for frequency truncated norm is also obtained for stable systems in this chap-
ter.

3.A Proofs

Proof of Lemma 3.2.8. Since the principal logarithm by definition is not defined
and analytic on the non-positive real axis R™, fiog(z) is not defined and analytic
iff (wy + jz)(w; + jz) ™! lies on R™. This means that there exists a real » > 0 such
that

(0y + j2)(wr +jz) " = —r.
This gives
Ly +ro;
Z1=]—
r+1

This z is an imaginary number because r, w; and w,, are real. Since r > 0, equation
(3.25) shows that z is a convex combination of jw, and jew;. But this contradicts
the assumption that z ¢ [joy, jo,]. O

(3.25)

Proof of Theorem 3.2.9. Let A be the eigenvalue of Jordan block J; € C™*"
(see (3.8)). For a given w € R, the function 1/(w + jz) is analytic with respect
to z as long as z # jw. Therefore, using Definition 3.2.4 and (3.8), if jw is not an
eigenvalue of A, we have

(@I +jA)~" = Z (diag(F1(®), - - , Fp(w))) 27"

where Fi (w) € C™*"k ig defined as

(@+j)™" —jlo+ji)™ o ()M o+ ja) T
o~+ijl)"! :
Fu(@) = (@ +jix)
—j(@+jl) 72
(@+ji)!
(3.26)
Let jwi, - - - , jog be all distinct imaginary eigenvalues of A with w; < wp <
- < wy. Define wp := —o0 and w,41 := 0o, then for a givenn € {0, ..., g}

/(wl +jA) ! do = Z (diag(L1 (@), - -+, Lp(@))) 271, (3.27)
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is an anti-derivative of (w/ +jA) ™! atall w € (w,, w,41), where Li(w) € C"*"k
is defined as

. . _ . _ . —mp+1
fu@) j@+jr)Tt e (e AT
Li(w) == S (@) '
j+ji)!
i (@)
(3.28)
and
log(w + jir), if o+ jiy ¢ R™
Fiu @) o= | CE@FIA. Mg R (3.29)
log(—w —jir), if o+jly eR

Since the principal log is not defined and analytic on R, f; . () is defined in this

way. Note that f;, (w) in the above equation is defined only for w € (w,, wn+1),

therefore we have either f;, (w) = log(w + jix) or f;, (w) = log(—w — jiz).
Part (1): If real ® > wmax, then by Definition 3.2.6:

log(wl +jA) = Z (diag(L1 (@), - - , L p(@))) Z™* (3.30)

because log(w + jz) is well-defined and analytic on the spectrum of A and
n
dz"

part (2): If no eigenvalue of A is in [jw;, jo,] then the anti-derivative in (3.27)
is defined for all w € [w;, w,]. Therefore

log(w +jz) = —(=))" (@ +j2) ™" (n — D,

Wy
/ (@I +ja)™" do = Z (dag(Li@), -, Lp@)[2) 27,
wy
where Lj(w) ZZ‘ := Li(wy,) — Li(wy) is given by,
util =1 ((@utii) A (a7
log (ua))H—jl:) e = (=™ ( T T )

wy+ji
log (w1+j/1: )
for all eigenvalues 4; of A.
Note that log((w, + jz)(w; +jz)~") is a well-defined and analytic function for
all z ¢ [jor, jo,] (see Lemma 3.2.8), in particular at all eigenvalues of A as A has
no eigenvalues in [jwy, jo,]. Therefore by Definition 3.2.6

log ((a)ul iAol +jA)—1) y (diag(Ll(a)), . L,,(a)))|“") z-l

o]

as £ log(4H) = —(—)" ((@u +j0)™" = (@1 +j) ™) (n = D). 0
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Proof of Corollary 3.2.10. For @ > wmax, (3.30) can be used.

1. Since limy,_; o0 log(w + jiz) — log(w) = 0 and limg, 00 (@ + jir) ™/ = 0
for an integer j > 0, we have that lim,,_, Li(w) — log(w)1,, = 0 (see
(3.28)).

2. Since log(w) € R, we have that

lim imag(Ly(w) —log(w)ly,,) =0 = lim imag(L(w))
w— 0 w— 00

O

Proof of Proposition 3.2.11. Let z € C and real(z) < 0, then using the branch
C\R™ for scalar logarithm, we have

log(jz) = log(~2) = -

Since A is a Hurwitz matrix, the functions log(jz) and log(—z) are defined on the
spectrum of A. Hence, log(—A) and log(jA) exist by Definition 3.2.6. Therefore,
using [19, Theorem 1.15a] (or Definition 3.2.6),

log(jA) = log(—A) — j%l
and therefore,
imag(log(j4)) = imag(log(~A) = j3 1)
= imag(log(—A)) — %I.

If A € R"*", then log(—A) is real by Lemma 3.2.7(5). Hence, imag(log(—A)) =
0. O

Proof of Theorem 3.3.2. Using (3.17), the truncated norm ||G ||§,[ is given by
1 A A
1917, = —tr (i log(e! +iA)B)

where C = [0 BT]and B = [B O]T as D = 0.

Define T := [_IP (I):|’ then using (3.20) and Lemma 3.2.7(3, 4), we have
log(awyl +jA) = T~ log(w I +jTAT™HT (3.31)

= T~ diag{log(w;I + jA), log(w;I —jAT)}T. (3.32)

Therefore, using above ||G ||§,l is given as

1 A LALA
1913, = — (i log(enl +3A)B)
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1 )
—r (jCT—1 diag{log(ayI + jA), log(an] —jAT)}TB)
T

1
“itr (BTP log(wyI +jA)B — BT log(wnl —jAT)PB)
T

2
= —Z trimag(B” P log(w;I +jA)B)

T

where the last step follows from Lemma 3.2.7(4) which says log(A)* = log(A™).
Since —(jow;I — A) is Hurwitz for every w € R, therefore using Theorem 3.2.11(1),

imaglog(w;l + jA) = imaglog(—j(jo;I — A))
= imaglog(jow;Il — A) — %I.

Hence, ||G||2 equals

Wy
2

||g||6201 =tr BT PB — = trimag(B” P log(jw;I — A)B)).
T

O
Proof of Theorem 3.3.5. Using (3.23), the truncated norm ||G IF ! is given by

[y,

1 A A A ~
1911 = 1 (<€ 10g(@)B + tr Dl = 1))

where Q := (0,1 + jA)(wI +jA)~". Define T := |:—P p

and Lemma 3.2.7(3,2), we have

! Oi|, then using (3.20)

log(Q) = T~ log ((a)ul LTAT Yoyl +jTAT—1)—1) T
= T~ ! diag{log(Q), log(Q*)}T.

where Q := (w, I + jA) (o] +jA)_1. Therefore, using above ||g||fwl o is given
as

N
1911 = = —tr (i€ 10g(@B) + — tr D@, — @)
1/ N
—— (jCT—1 diag{log(Q), log(Q*)}TB) + =t D(wy — ay)
T T
1
- —ju ((BTP + DTC)log(Q)B — BT log(Q*)(PB + CTD))
T
1.
+ —tr D(w, — ;)
T
2 1.
=— trimag ((BTP + DT 0) log(Q)B) + = tr D(w, — wy)

where the last step follows from Lemma 3.2.7(4) which says log(Q)* = log(Q*).
O



Chapter 4

Non-causal downsampling

4.1 Introduction

In most of the signal processing applications, information is taken from analog
sources and utilized in analog format. Due to the high quality of digital transmis-
sion, information is often converted in a discrete form at the front end from an
analog source and converted back to analog at the rear end. Sometimes in appli-
cations like image, audio, video etc, it is necessary to change the sampling rate
of the discrete signal. There are several reasons for this sampling rate conversion
such as different clocks in two digital hardwares, etc. The process of increasing
the sampling rate is known as upsampling or interpolation whereas decreasing the
sampling rate is known as downsampling or decimation [9,46]. The reduction fac-
tor of the sampling rate can be an integer or a rational number greater than one.
Instead of imposing any structure, we just assume that the downsampling process
is linear and A-time shift invariant. One approach to the problem of reconstruction
of an analog signal from a discrete signal uses the theory of sampled-data sys-
tem (see Chapter 2). The two distinctive features of this approach are the use of
signal generation models and the use of system norms for the measurement of re-
construction performance. The sampled-data system theory can also be applied to
downsampling problem, see [20]. The sampled-data set-up for the downsampling
problem is shown in Figure 4.1. Here the continuous time signal y is sampled with

Figure 4.1: Downsampling in sampled-data setting
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sampling period A’ by a given sampler Sy, then the sampling rate of the resulting
discrete signal j is changed by a downsampler S, to a slower rate of % = MLh,,
where M is a positive integer known as the downsampling factor. The output yj,
of the downsampler is converted back to the analog domain by a Hold H. Any
discrete filter in between S, and H can be combined in either S, or H without
loss of generality. The continuous time signals y and v are modeled as the output
of a known linear continuous time invariant (LCTI) system G driven by a known
set of signals w (see Figure 4.1). G can be thought as a model of frequency char-
acteristics of the signals y and ». The choice of G depends upon the application
at hand. The main aim in the downsampling problem is to construct u as close as
possible to v with design parameter S;, and H, given S;; and G. To take care of
factors like noise, the reconstructed signal u is compared with v instead of y. Also
normalization of the signal w allows us to write the reconstruction performance
in terms of the norm of the system G, that maps w to e in Figure 4.1. We use
the L? and L system norms (defined in Chapter 2) to measure the reconstruction
performance in this chapter. The advantage of using sampled-data system theory
for downsampling is that it utilizes the inter-sample information available.

A general approach for downsampling in the signal processing literature is to
somehow band-limit the input signal y to the Nyquist frequency wy := 7 /h (or
any multiple of the Nyquist frequency if one allows filter banks) to prevent aliasing
errors. This approach leads to error-free reconstruction. However in practice,
perfect band-limitedness is not possible, therefore we can think of using some error
criteria (such as L? or L). The downsampling problem from the sampled-data
viewpoint is studied first by Ishii et. al [20], where they use the H* error criteria
to design causal optimal downsamplers Sy, (given H, S;; and G). Nagahara and
Yamamoto [43] designed a computationally efficient H* optimal downsamplers
(given ‘H, Sy and G). The problem of designing non-casual downsamplers (given
H, Sy and G) and the problem of designing non-casual holds (given S;,, Sy and
G) is essentially solved in [31, Proposition 2.1 and 3.1]. The problem of designing
the optimal non-causal downsamplers and holds simultaneously (given S and G)
is first studied in [31], but for a very limited class of the signal generators G. [31]
uses L2 and L™ system norm for measuring the reconstruction performance.

In this chapter, we show how to extend the downsampling result of [31] for
all LCTI signal generators G. Here, the problem of designing joint non-causal
downsampler-and-hold, given Sy and G, is considered. This leads to a generic
treatment of the downsampling problem. In this chapter, we will also see how to
quantify the signal reconstruction error and its variation in the presence of noise.
This chapter is based on the papers [50, 52].

The outline of this chapter is as follows. We describe mathematical repre-
sentations of the sampled-data setup for the downsampling problem in Section
4.3. Then we define discrete lifting, discrete lifted-transforms, and lifted transfer
functions in Sections 4.4 and 4.5. An important result known as Rank theorem
is discussed in the Section 4.7. Mathematical formulations and simplifications of
the downsampling problem is done in Section 4.8. Section 4.9 and Section 4.10
contain the main results of this chapter i.e. solution of the downsampling problem
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with different error norms along with some examples and an expression for the
error norm. The effect of noise on the downsampling problem is discussed in the
Section 4.11.

4.2 Notations

Throughout this chapter 4 denotes the sampling period, wy := 7/ h is the associ-
ated Nyquist frequency. Also i’ = h/M, where M is a positive integer known as
the downsampling factor. Linear discrete time invariant (LDTI) system means a
linear A-time shift invariant system.

A discrete signal y with interval 4’ means that the samples in the discrete signal
are separated by fixed 4’ time. Sometimes we write £2(Z, C") as f%/ in order to
emphasize the fact that the discrete signals in 5%, are generated from sampling a
continuous time signal with sampling period . In all other cases, discrete signals
are assumed to be generated from sampling a continuous time signal with sampling
period £ unless otherwise stated.

We use the same notation of Chapter 2 given in Section 2.1 for signals and
systems. Similar to Section 2.1, the meaning of some of the systems, domains
and transforms will be cleared in the later sections. In addition to Section 2.1, a
downsampler S, in the lifted time domain is represented by calligraphic letter with
aacute on top e.g. S. A downsampler in the lifted frequency domain is represented
by capital letter with a acute on top e.g. Sp. If y is a discrete signal with interval
k' then in lifted domain it is represented as y. In an apologetic way, the lifted
z-transform of the signal y is represented by y with a suffix (z). Similarly, the
lifted Fourier transform is represented by y with a suffix (e/). Most of the time it
is clear from the context if the signal is in lifted (time) domain or lifted frequency
domain (lifted z-transform or Fourier transform). In case it is really necessary to
make a distinction, we use 3() for lifted z-transform and F(y) for lifted Fourier
transform of the signal y. With a little bit of overloading the notations, the classic
discrete time Fourier transform of a discrete signal y with interval /4’ is represented
with different arguments as y(el”). Most of the time the signal domain is clear
from the context. Sometimes to make distinction with the time domain (or due
to historic reasons) we represent the classic discrete time Fourier transform of
¥ in capitals as Y (ef’). In addition to tables 2.1 and 2.2, the Table 4.2 (page
60) summarizes notation for downsamplers and discrete signals with interval 2’ in
different domains.

SVD stands for singular value decomposition. Also the left singular vectors
of an operator A are the eigenvectors of AA* and the right singular vectors of an
operator A are the eigenvectors of A*A.

Throughout

_0+27rk

, keZ
h

(€]

fora givend € [—x, 7 ].
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lifted lifted classic
time time frequency frequency
domain | domain domain domain
Downsampler S h 3;, S n
z Fourier
Discrete signal - . transform | transform y(ev),
with interval 4’ Y Y y(2), y(el?), Y (el”)
30 30

Table 4.2: Notations for downsampler and discrete signal (with in-
terval /') in different domains

4.3 Sampled data setup for downsampling

Figure 4.3: Downsampling in sampled-data setting

In this section we review standard mathematical descriptions of the compo-
nents of the sampled-data set up given in Figure 4.1 (for details see Chapter 2).

The sampled data setup for the downsampling problem is shown in more detail
in Figure 4.3. Here

Gy
Gy
system norm [70]. The systems Gy and Gy are the partition of G with respect
to the signals v and y respectively.

e the signal generator G = is an LCTI system with finite L?> and L>®

o the sampler S is a linear h’-time shift invariant device which samples an
analog signal y : R — C at every A’ time instant and gives a discrete signal
yw : Z — C. More specifically

Y =Spy: Y ln] = / w(nh' —s)y(s) ds. “.n

where y (1) is such that its classic frequency response w(jw) is uniformly
bounded. The y (t) is known as the sampling function. The only difference
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between the sampler Sy defined here and the sampler defined in (2.2) of
Chapter 2 is that S, samples faster than the sampler S in (2.2).

The condition that w (jw) is uniformly bounded is needed to allow the ideal
sampler Sig; given in (2.3) even though it is not stable [30]. The ideal
sampler has sampling function d(¢) with uniformly bounded classic fourier
transform J(jw) = 1.

e The downsampler Sj, is a device which operates on a discrete signal ¥y :
7, — C with interval 2’ and produces a discrete signal y;, : Z — C" with
interval h = MI’ at the output. Here M is called downsampling factor and
r is a positive integer. We assume the downsampler to be linear and M shift
invariant, i.e.

n=8wyw:  Fulnl =D q[Mn—kljylkl, neZ (4.2)
keZ
X0
where y = : and y; is a sequence mapping Z to C for all i €
Xr—1

[0, ---, 7 —1]. The y is known as discrete sampling function. When y = o
where 0 is unit impulse sequence, then the downsampler is called as ideal
downsampler and will be denoted by Siq. Note that any downsampler can
be seen as a series combination of /’-shift invariant discrete system with
impulse response j [n] followed by the ideal downsampler Sig;.

Since in the sampled-data system theory time between the samples also play
an important role, therefore the M-shift invariance of the downsamplers is
equivalent to & = Mh’ time shift invariance.

e The hold H is a device which converts a discrete signal y, : Z — C” with
interval i back to an analog signal u : R — C. Here r is a positive integer.
We assume H to be linear and /-time shift invariant, i.e.

u=Hjp:  u@®)= @ —nhjln], 1eR

nez
where ¢ (1) = [¢o(t) ¢1(1) -+ H—1(1)] and ¢; : R — C for all
i €[0,---,r —1]. The ¢(¢) is known as hold function or interpolating

kernel.

Since the output of the downsampler is the input of the hold, the output dimen-
sion of the downsampler and the input dimension of the hold must be same.

Although in earlier chapters the terms interpolator and hold are used to denote
the same operator, in this chapter we use interpolator to mean the following.

Definition 4.3.1 (Interpolator). An interpolator F is a device which converts a
discrete signal yj : 7. — C with interval h’ back to an analog signal u : R — C.
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I 1 ? I 1 ?
0 1 2 _ 0 1 2 3 4
R R Sd] -
Yh ! Yn
1 t
0 1 2 _ 0 1 2 3 4
DR R R R Sdl -
Vi ' /Y

Figure 4.4: The output of the ideal downsampler Sig with down-
sampling factor 2 (top). The output is not delayed by a sample if the
input is delayed by a sample (bottom).

Note that in this chapter, the interpolator’s input is a discrete signal with inter-
val i’/ whereas the hold’s input is a discrete signal with interval /.

A downsampler followed by a hold (i.e. Hé:h) is an important component
throughout this chapter, so it deserves a special name:

Definition 4.3.2 (Hybrid interpolator). Any interpolator F is a hybrid interpolator
of order r if it can be represented as a downsampler (with output dimension r)
followed by a hold (with input dimensionr) i.e. F := HSp,.

Remark 4.3.3. In this chapter, we assumed the dimensions of signals y, v, yy and
u in the sampled-data setup (see Figure 4.3) are one. This is just for simplicity.
The result can be easily generalized to the case where the dimensions are greater
than one.

4.4 Discrete lifting in time domain

In general a downsampler given in (4.2) is a linear but not shift invariant system
(i.e. if we shift the input by one then its output is not delayed by one). This fact
can be seen in the following example.

Example 4.4.1. Consider the ideal downsampler Siq that downsamples the input
signal by a factor of 2,

o =Siayw : yulnl = yp[2n], nel.

Assume that the input yy[n] is non-zero only if n is even. Clearly, y,[n] is non-
zero for this input (see Figure 4.4(top)). However, if we delay our input yy by one
sample then output is not delayed by one sample. In fact, we have zero output in
this particular case (see Figure 4.4(bottom)).

Example 4.4.1 clearly shows that downsamplers are not shift invariant sys-
tem in general. This implies that techniques like transfer functions, frequency
responses etc. available for the linear shift invariant system cannot be written for
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Figure 4.5: Discrete lifting f of f[n] = sinc(n/M) with M = 4.

a downsampler. However, a downsampler with downsampling factor M is M shift
invariant. This means that if the input of the downsampler is delayed by M then
the output is delayed by 1 as shown below.

waln —11=>" 7[M@n — 1) = Klgwlk] =D 7[Mn — (k+ M)]5y[k]
keZ keZ

=" 7IMn — klyylk — M].
keZ

To write the transfer function of the downsampler we need to transform the down-
sampler such that it is shift invariant. It means if we delay the input of the trans-
formed downsampler by 1 then its output must be delayed by 1 only. This goal
can be achieved if we [ift the input of the downsampler [57]. Similar to lifting of
an analog signal, we can define lifting of a discrete signal with sampling interval
K’ as (see e.g. [65,41] and the references cited therein).

Definition 4.4.2. For any discrete signal f 1 Z — C" sampled at interval ' =
h/M, the lifting (with respect to h) f : Z — {M — C"f} is the sequence of
discrete functions { f[k]} defined as

- -

flk;m] = fIMk+m], keZ,meM
Here ny is an positive integer and M := {0, 1, --- , M — 1}.

For a given k, f [k] is a finite sequence which maps M to C"f. Recall that the
lifting of an analog signal f : R — C"/ results in lifted signal f where fk]is a
function which maps [0, &) to C"/ for a given k. Figure 4.5 shows the concept of
discrete lifting.
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Remark 4.4.3. The natural domain for m in Definition 4.4.2 is M because then
there exists a bijection between the szgnal f and its lifted signal f. However,
sometimes it is beneficial to define f[k m] := f(kh + m) for arbitrary m € Z.

The discrete time lifting is similar to the polyphase decomposition (see e.g.
[61]). It is clear from the above definition that if a discrete signal f is generated
by sampling an analog signal with sampling period / i.e. ' = h and M = 1 then
its discrete lifting is the same as the discrete signal f. For this reason the discrete
lifting of such a signal is represented by f.

Now, lifting the input j, turns the downsampler ¥, = S,y in (4.2) into lifted
downsampler Sh which is given by the following convolution

$o=Sww s Iulnl =D > 7IMn—Mi—mlyy[Mi+ml, nel

ieZ meM

=D D Aln—is—mlyylism]
ieZ meM

= > Spln —ilypli] (4.3)
ieZ

where for each k € Z, Sp[ (k] : (M — C} — C' is the lifted impulse response
system of the lifted system Sh. The lifted system Sy is shift invariant as

aln 4+ 11= > Suln + 1 — iy li]
i€Z
= > Spln —ilywli +1]
i€Z
Since the sampler Sy samples at interval 4’ which is different from %, we can

(discrete) lift the output of the sampler Sy with respect to 4. Lifting the input and
output of the sampler y,» = Sy result in the lifted sampler

Y =Spy:  ywlk;m] = Z/ (Mkh' +mh' — (hi + 7)) x
ieZ
y(hi+t)dr, ke Z,meM

_Z/ ((k = iYh + (mt' — ) [i1(x) d

i€’

=Z/ (lk = 11omh' = ©)) 511(c) dx
i€’

=:> Splk—iljli] (4.4)
ieZ

where for each k € Z, Sh/[k] :{[0,h) —» C} —» {M — C} is the lifted impulse
response system of the lifted system Sj. Clearly the system Sy is shift invariant.
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The advantage of (discrete/analog) lifting is that the lifted sampler Sy and the
lifted downsampler Sh are shift invariant which will allow us later to write a trans-
fer function and frequency response of these systems in Section 4.5.1. However,
this comes at a price of more difficult impulse responses.

For lifted G and lifted Hold H see Section 2.3.1 of Chapter 2.

4.5 Discrete lifting in frequency domain

Similar to the lifted z-transform of analog signals in Section 2.3.2, we can define
the lifted z-transform for discrete signals.

Definition 4.5.1. The (discrete) z-transform f (z; m) of a lifted discrete signal f
is defined as

3) = fam) =Y flkimle™ =" fIMk +m)z™ 4.5)

keZ keZ

where m € M. 3( f ) is also called (discrete) lifted z-transform of the signal f.

It is clear from the above definition that if a discrete signal f is generated by
sampling an analog signal with sampling period 4 then its z-transform is the same
as its lifted z-transform. For this reason the lifted z-transform of such a signal is
represented by f(z). Similarly the (lifted) Fourier transform is defined as:

Definition 4.5.2. The (discrete) Fourier transform f (©7; m) of a lifted discrete
signal f is defined as

F() = f@5m) =" flksmle™™ =" fiMk +mle™™  (4.6)

keZ keZ

where m € M. §( f ) is also called (discrete) lifted Fourier transform of the signal

7.

Clearly, for a given m, f (ejg; m) i§ the discrete time Fourier transform (see
[27]) of the sequence FIMk +m] and f(e?; m) is periodic in 6 with period 27 as
@O m) = £ m).

Since lifting and z-transform are invertible processes, the inverse lifted z-
transform can be defined as a combination of the inverse z-transform and inverse
of the lifting process. The following example illustrates calculation of the (lifted)
Fourier transform.

Example 4.5.3. Consider the analog signal f(t) = 1o p)(t). Ideally sampling f
at interval h', we have

1 keM

0 elsewhere

flkl = [
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By Definition 4.4.2, the lifted signal f of f is given by

= 1 k=0
flksm] =
0 k#0
for all m € M. Hence, the lifted Fourier transform of f is f(ejg; m) = 1 for all
m € M.

_ Following is a key result which relates the lifted z-transform of a discrete signal
f with time interval 2’ and its the classic z-transform.

Theorem 4.5.4 (Discrete key lifting formula). Consider a discrete signal f:zZ—
C with time interval h’ﬁand let f(z) be its classic z-transform. If f(z) exists then
the lifted z-transform f(z; m) of f[n] follows from its classic z-transform as

M—1
5 1 _
f(z;m) = i § f@Hz" meM 4.7
cArgz  j2mi
where Z; = |z| el e (Arg is the principle argument function used in (3.7))

are the M complex roots of the equation 7™ = z for a given z. Conversely the

classic z-transform of f follows from the lifted z-transform as
) M-1
f@& =2 " mz™ (4.8)
m=0

for a given Z.
Proof. See Appendix 4.A (page 100). O
The following corollary is immediate.

Corollary 4.5.5. Consider a discrete signal f : 7. — C with time interval h' and
let f (ej"), v € [—m, ] represents its classic discrete time Fourifr transform [27,
chap. 10]. If f(e°) exists then the lifted Fourier transform f(e¥; m) of fln]
follows from f(el") as

L | M=
F@5my = =2 37 Fom)eet (4.9)
i=0

where as always w; = % Conversely f(el”) follows from the lifted fourier
transform as

M-1
FEy =" f("M;myem (4.10)

m=0
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lifting N

flk;m]

ULIOJSURI) ISLINO]
QW) 9)2I0SIP IISSBO
WLIoJSURI} ISLINO 9)2I0STP

7@ discrete F(&m)

key-lifting formula

Figure 4.6: Relation between various transforms and discrete key
lifting formula.

Proof. Setz = e in (4.7) and Z = &/ in (4.8). O

Remark 4.5.6. It is interesting to note that e_j‘”ohl’”, S, elom—1h'm (used in (4.9))
are mutually orthogonal. Let us define é; (eﬂ) e CM whose m’th component is
given by é;(e?; m) := ﬁejw"h ™ Now, {é; (el?)};em form an orthonormal basis

of the space CM as (é.(e), é;(e19)) = Znﬁfz_ol ¢ (@7 mer (e m) = o[k — il.

The above fact will help later in obtaining the SVD of a sampler.

Figure 4.6 explains the relation between the various transforms and the discrete
key lifting formula.
The following examples illustrates the use of (4.9).

Example 4.5.7. Consider an analog signal f = sinc(%). Sampling f at interval
W= % we have discrete signal f[n] = sinc(n/M). The discrete time Fourier
transform of f is given by

0 elsewhere

Fe) = [1 Ve ]

Therefore for 0 € [—m, r],

@2y = f ) =

0 elsewhere

o12mi [li:ijeZ

Now, (4.9) gives the lifted Fourier transform

1

f@sm) = %f(eiwo’“)ej‘”“”/”’ =3

See Figure 4.7 (page 68).
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| £ (el?; m)|

m

Figure 4.7: Magnitude plot of the lifted fourier transform f ©?; m)
of f[n] = sinc(n/M). Shown here for 6 € [—x, =] only.

4.5.1 Transfer function in lifted frequency domain

The lifted transfer function of G and hold is already discussed in Section 2.3.2.
In this section, the transfer functions of lifted downsamplers and samplers (with
sampling period /') are defined.

As in Section 2.3.2, the transfer function of a linear /-time shift invariant sys-
tem is defined as the z-transform of its lifted impulse response system.

Taking z-transform of the output y and the input y;, of a lifted downsampler
5";, in (4.3) results in lifted frequency domain downsampler

339) = Su3Gn) (@) = Si@)yw ()

where S, (z) : {M — C} — C (itis the z-transform of the lifted impulse response
system of the lifted sampler Sy) is given by

¥@) =@ @) §@) = D iz —m)yw(z;m). .11)
meM

Here x(z) is the lifted z-transform (with lifting interval &) of the downsampling
function y [n]. Sh (z) is called the transfer function of the lifted system Sh (or lifted
transfer function of Sp,). By the above equation, the transfer function Sh (z) is an
operator whose kernel is given by y(z, —m). The derivation of (4.11) is given in
Appendix 4.A (page 102).

Similarly, taking z-transform of the output v, and the input y of a lifted sam-
pler Sy in (4.4) results in lifted frequency domain sampler

30w) = Sw3@) 1 @) = Sw@)i (@)

where S‘;y (z) : {[0,h) > C} > (M — C} (it is the z-transform of the lifted
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impulse response system of the lifted sampler Sw) is given by

. h
5@ = Sy @@ i Gim) = [ (k' = )75 ) o

neZ

h
=/ w(z;mh' —1)y(z; 1) dt 4.12)
0

Here (z) is the lifted z-transform (with lifting interval /) of the sampling func-
tion (). Sy (z) is called the transfer function of the lifted system Sy, (or lifted
transfer function of Sy). By the above equation, the transfer function S (z) is an
operator whose kernel is given by y (z; mh’ — 7).

4.6 Signal and System norms

In this section we define different norms for discrete lifted signals and systems.
This section closely follows Section 2.4.

Given a signal f € [fl/ (the samples in the discrete signal are separated by
fixed i’ time). Consider the norm of a discrete signal f € £,(Z, C"),

A15 =D 105 =" D I f(kh+m)li3

ieZ keZ meM
=> > If ks mll3
keZ meM
= D Ik g = 1F15- (4.13)
keZ

This defines the norm of a discrete lifted signal f . This also shows that lifting
a discrete signal f € ffl,, by definition results in a lifted signal f with the same

norm in the Hilbert space £2(Z, £2(M)). Here ¢2(M) := ¢>(M, C"). The space
£(Z, £*(M)) has inner product

F,9) =D D> (Klksml, ylks men

keZ meM

Equation (4.13) also implies that f%, is isomorphic to 2(Z, 62(M)) [67, §7.4].
Therefore, the norms in both (lf the spaces can be denoted by || - ||>. R

If a discrete lifted signal f is in £2(Z, £>(M)) then its Fourier transform F(f)
belongs to L>(T, £(M)) because

. 1T . .
IBCIE =5 /_ LF @) 12,0 = S 1 F I

keZ

= 1/12g.eon = ||f||§§/ < o0
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The equivalence of ||§( f M2 = | f 2z, 210,1)) is known as Parseval identity
which says that £2(Z, £2(M)) is isomorphic to L?(T, £2(M)).

Remark 4.6.1. The space €*(M, C") is isomorphic to space C"*M™ with Hilbert-
Schmidt norm. Therefore, sometimes we write £*(M, C) as CM.

4.6.1 System norms

To include systems whose domain/range belongs to £7 w (€8 downsampler Sy, and

fast sampler Sy) in the definitions of the system norms L>, z/H*, L? and z/H?,
we have to change S in Section 2.4.3 to mean L2[0, h) or C" or £2(M, C"). Con-
sequently, the meaning of S,, So, R and Ryg is modified. For example, the L™
norm of the downsampler S), equals

ISkl = esssup [[Sp(e)] < oo (4.14)

Oe[—m,m]
where S, (¢?) is the (lifted) transfer function of S;, and ||S‘h (e1?)]| is given by

I1Sk@) ) = sup [1S(e)x]2 x e (3(M, C")

llxll2=1
A result similar to Lemma 2.4.7 can be stated for downsamplers also.

Lemma 4.6.2. Consider a downsampler given by (4.2). If the downsampling
function y of the downsampler belongs to 2,, then the downsampler belongs to
L®NL2

Proof. The proof is similar to the proof of Lemma 2.4.7. U

4.7 Rank theorem

In time domain, it is not so clear when a given interpolator, is a hybrid interpolator
of a given order ». However, it is somewhat clear in the (lifted) frequency domain
as shown in this section.

First, we write the hybrid interpolator F in the lifted frequency domain.

Lemma 4.7.1. The hybrid interpolator F := HS), in lifted frequency domain is
an operator

M-1
i=Fyy: i@50)=>" 86"t m)ynE’;m
m=0

where the kernel p can be expressed in terms of sampling and hold functions (see
Section 4.3) as

5% t;m) = ;) (e —m). (4.15)
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Figure 4.8: Sampled data setup with hybrid interpolator of order-r.
Proof.

M—1
i@ 1) = @ T E?)) = s 1) D 7 (@5 —m)y (s m)
m=0

M—1
> @ 07 —m)yy (@ m)
m=0
|

The above lemma is useful if we have an interpolator F and we want to repre-
sent it as a cascade of a downsampler and a hold i.e. as a hybrid interpolator.

Now we concentrate on obtaining a condition for an interpolator such that it
is a hybrid interpolator. Consider an order r hybrid interpolator F shown in Fig-
ure 4.8. In this case the downsampling function 7[n] of downsampler S;, has r
rows. Clearly the lifted fourier transform yj, (61 of the output y;, of the downsam-
pler has r rows. Therefore at each 8 € [—=x, 7], we have y, (ejg) e C". Hence,
rank S, (e?) < r ata given §. We can obtain such an upper bound for hybrid inter-
polator F := HS, also. Since F=H S‘h and rank Sh (ej(’) < r at a given 6, there
must exist an upper bound on rank F at each 0. This upper bound is r as shown in
the following lemma.

Theorem 4.7.2 (Rank theorem). Given an interpolator F and assume that the
transfer function F (&)%) exists. If F is a hybrid interpolator of order r then

rank F <r Vlel|-m,x]
Proof. See Appendix 4.A (page 102). |

By Theorem 4.7.2, an interpolator F is a hybrid interpolator of order r only if
rank(F) is at most r forall § € [—x, ].

Since the input of the downsampler is a discrete signal, we can expect that the
rank of the downsampler (and hence the rank of hybrid interpolator) in the lifted
domain must have an upper bound. Indeed.
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Corollary 4.7.3. The rank of a hybrid interpolator rank F (&%) at a given 6 €
[—7, m] is less than or equal to M.

Proof. Since the inputjh/ (_ej9 ) of S, (e) in lifted frequency domain is in CM at a
fixed 6, we have (Ker Sy, (eﬂ))l C CM at each . Hence,

(Ker F () C (Ker Sy(e!?))t c cM
and rank(F (¢//)) < M at a given 6. O

Corollary 4.7.3 says that increasing the order r of a hybrid interpolator beyond
M is unnecessary. Therefore, without loss of generality we take r < M in this
chapter.

4.8 Non-causal downsampling problem

In this section, we define the downsampling problem and simplify it as much as
possible using lifting. K represents either L> or L™ and K represents the Hilbert-
Schmidt (HS) norm if K = L? or induced 2-norm if K = L, in this section.
Throughout this section we use short-hand Sy := Sy Gy. Clearly, Sy is a sampler.
We also assume that the output dimension of the downsampler and the input
dimension of the hold is given and it is equal to r.
Now, we state the downsampling problem more precisely.

Problem Py (Downsampling problem) : Given Gy, Gy € LZNL™, find a down-
sampler S, € L™ (with output dimensionr € 77%) and a hold H € L™ (with input
dimension r) such that |Gy — HS, Sy Gyllk is minimized.

The optimal downsampler and hold in Problem PP1 can be non-causal. Stability
of all systems in the downsampling setup (see Figure 4.3) is an important criteria.
This is because we never want to have an unbounded output of a system due to
some bounded input or noise at any stage of signal processing.

Remark 4.8.1. As explained in Section 2.6, stability of Gy and Gy implies that
they are operators which maps L*(R) to L*(R). Similarly, we need a stable hold
H and downsampler Sy, thus H is an operator which maps €*(Z) to L*(R) and
Sy, is an operator which maps €%,(Z) to *(Z).

Clearly, if we have a solution of the downsampling problem then the hybrid
interpolator F := HS), belongs to L>°. Therefore, in order to solve the down-
sampling problem, we consider the following problem

Problem P, : Given Gy, Gy € L2 NL, find a hybrid interpolator F € L*® of at
most order r € Z% such that |Gy — FSpGyllk is minimized.

To solve Problem Pp, we first obtain a solution to Problem P, and then write
the resulting optimal hybrid interpolator as a cascade of a stable downsampler
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and hold. We will see later that this approach is easier than solving Problem Py
directly.

A simplification of Problem P is possible if Sy := Sp/Gy € L™ N L2, which
is indeed the case under some weak assumptions as shown in following Lemma.

Lemma 4.8.2. Given LCTI system Gy € L? and a sampler S with sampling
Sunction y (t) such that |y (jo)| is uniformly bounded in w. Define sampler Sy :=
S Gy and let yy be its sampling function. Then,

1. wy(t) := w(t) * gy(t) where * represents the analog convolution operator
and gy is the impulse response of system Gy.

2. yy e L2

3. For almost all given § € [—n, ], the lifted transfer function S‘y(ejg) of
sampler Sy is a mapping from L?[0, h) to CM and it has an SVD (modulo
ordering) of the form

. M . PR 5
$y(e)id = \/; l%ak(e@) <w ﬁk(e’9)> & @), e L2[0,h)
(4.16)

where for fixed 0, a; (%) € C, & (&) e L?[0, h), pr(e) € L?[0, h), and
ér(e?y € CM such that

ar(@”) := \/Z lyy (o mi) 12

i€Z

er(@?; 1) = %ej‘”" * oz el0,h)

o vy Goksmi) | -

o) = 3= b 0), 0 < [0.1)
i€Z

. |
e (@?; m) := ——e 1 e ML

M
Here wp = 9"'%, k e Z.
4. Sy e L®NLx
Proof. See Appendix 4.A (page 102). O

Although the ideal sampler is not stable, the above lemma allows us to take Sy
to be an ideal sampler as long as the LCTI system Gy € L2

Remark 4.8.3. As explained in Section 2.6, stability of sampler Sy implies that it
is an operator which maps L*(R) to £*(Z).
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Theorem 4.7.2 says that an interpolator F is a hybrid interpolator of order r
only if rank(F) < r atall @ € [—x, z]. This result is used to solve Problem P, by
translating it to an equivalent lifted frequency domain problem as shown below.

Theorem 4.8.4. Given Gy, Gy € L®NL2. Define Fopt at almost every 8 € [—m, ]
as

Fopt(e1?) := argmin || Gy () — F () S, (e)lIx 4.17)
F(el?)

with constraint rank I:“Opt <rateach@ € [—n,x]) If Fopt is well-defined and
bounded, then Fop is an interpolator that minimizes |Gy — F Sy ||k over all inter-

polators F with rank F <rateach0 € [—r, ).

Proof. See Appendix 4.A (page 103). O

If interpolator Fp in the above theorem is also a hybrid interpolator then the
above theorem says that doing point-wise minimization in lifted Fourier domain
is sufficient to solve Problem P,. Moreover, if interpolator F, in the above
theorem is also a hybrid interpolator with stable downsampler and hold then we
have a solution of Problem Pj. Therefore, in order to solve the downsampling
problem, we consider the following problem.

Problem P3: Given Gy, Gy € L2 N L%, find a well-defined and bounded F (ei?)
with rank F(eje) < r such that ||év(ej9) - F(ej‘))é”y (&9)||k is minimized at almost
each € [—n, ).

To solve Problem P, we first obtain a solution to Problem P3 and then write the
resulting optimal interpolator as a cascade of a stable downsampler and hold. This
factorization of the optimal interpolator is straight-forward as we will see later.

In the rest of the chapter, the transfer function G(eje) of a system G is abbrevi-
ated as G at given 0. Unless necessary, we do this for all signals too.

4.9 L? optimal downsampling

The L? downsampling problem is the Problem Py with L? system norm. As ex-
plained in Section 4.8, this problem can be solved by obtaining a solution of Prob-
lem P3 with the Hilbert-Schmidt norm first and then writing the resulting optimal
interpolator as a cascade of a stable downsampler and hold. Section 4.9.1 con-
tains some basic results that are important in the solution of Problem P3 with the
Hilbert-Schmidt norm. The solutions of Problem P3 and the L? downsampling
problem are presented in Section 4.9.2.
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4.9.1 Preliminaries

This section describes some basic results which are useful in obtaining a solution
of Problem P3 with Hilbert-Schmidt norm i.e. obtaining

Fopt := argmin |Gy — FSyllas
F

with constraint rank I:“Opt < rateach @ € [—=, n]. Here the minimization is point-
wise in 6. At almost all &, the operator év . L2[0, h) - L2[0, h) is a Hilbert-
Schmidt operator as G, € L2 (see Lemma 2.4.5). Similarly, because of finite rank,
the operator Sy is a Hilbert-Schmidt operator at almost all § (see Lemma 4.8.2).
Since Fop[ is bounded at almost all 8 by Lemma 2.4.4, Problem P3 can be thought
of as a special case of a generic problem of obtaining

Fopt :=argmin ||A — FB| gs
FeF,
where A : ' H — Ho and B : H — 'H; are Hilbert-Schmidt operators, F : H; —
‘Ho is a linear operator (not necessarily bounded) and T, denotes the set of all
bounded linear operators mapping the space Hj to Hp and that have rank at most
r. The spaces H, Ho and H; are separable Hilbert spaces so that these spaces
have an orthonormal basis [47, theorem 3.52]. In our special case of Problem P3,
H = Ho = L*[0, h) and H; = CM.
Also, let P : H — H represent the orthogonal projection on (Ker B)' and

Ay = A(I — P),

throughout this section. We also define the set for a linear operator G

No 22[{0,1,---,rankG—1} if rank G is finite 4.18)

N if rank G is infinite -

Since the image of a Hilbert-Schmidt (hence compact) operator is not necessarily
closed, Im B is not necessarily closed [63, theorem 2.14]. An example of such
a case is discussed in [31, theorem 5.1]. However, in most of the downsampling
problems later, B is a finite dimensional operator, therefore Im B is closed. For
generality, in this preliminaries section we assume that Im B is not necessarily
closed.

An algorithm for obtaining Fop := argming.p, [|A — FB| us is presented at
the end of this section.

Since (Ker AP)* C (Ker B)*, the orthogonal projection P helps us in iden-
tifying the space where F could play a role. Using B(I — P) = 0, we have the
following result.

Lemma 4.9.1.
IA = FBli3s = |l Anlys + AP — FBIls. (4.19)
where Ay := A(I — P).
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Proof. See Appendix 4.B (page 104). O

From (4.19) it is clear that an F' € [, that minimizes ||[A — FB| gs also
minimizes ||[AP — FB|| ys. If arank-r F is such that F B cancels out the dominant
r singular values in an SVD of A P, then this F is optimal. This fact is used in the
following theorem to obtain Fypt.

Theorem 4.9.2. Suppose an SVD of AP is given by

APx= > oi(x,e) fi. xeH (4.20)

ieNyp

where {e;} and { f;} are orthonormal sequences in H and H respectively, and {o;}
is a real non-increasing non-zero sequence.

Define a space W :=span{ey, e, ..., e,—1}. Now, for a given r < rank(AP)
r—1
Foptx 1= Zai (BYx,e) fi, x eH (4.21a)
i=0
r—1
= Zai (0B*x,e) f; (4.21b)
i=0

is bounded iff W C Im B* @ (Im B*)*. Here BT : H; — H is the pseudo-
inverse of the operator B [13, Definition 2.2] and Q : H — W is the orthogonal
projection on the space W. Now, if the Fop is bounded then it minimizes ||AP —
FB| gs overall F € TF,.

Proof. See Appendix 4.B (page 104). U

The uniqueness of Fqp in the above theorem depends upon the singular values
of AP. For example, if r = 1 and all singular values of A P are same then we have
multiple solutions.

Remark 4.9.3. The dependence of the space W on r forced us to write the The-
orem 4.9.2 for r < rank AP only. Because if r > rank(AP) then W is the space
span{eo, €1, . .., erank Ap—1} for all r > rank(AP) and Fop := arg minFeFr [|A —
FB| gs is given by (4.21a) withr =t1ank AP as AP — Fop B = 0. Taking 0; =0
forall i > rank(AP), we can write Fop, for r less than or equal to minimum of
dim H, dim Hy and dim H| (denoted by min(dim H, dim Hoy, dim H)) as

r—1

FoptX = Zai (B*x,e) fi, x € H,i. (4.22)
i=0

Note that rank(A P) < min(dim H, dim Ho, dim H).
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Note that, if W C Im B* @ (Im B*)L, then Bt may still be unbounded in
(4.21a) whereas the operator Q B+ is always bounded.

The condition that W C Im B* @ (Im B*)* in Theorem 4.9.2 is met if the
e;’s (see (4.20)) belong to the set of right singular vectors of B. This is proved in
following corollary.

Corollary 4.9.4. Suppose an SVD of AP is given by (4.20) and that operator
B :'H — H; is defined by

Bx= ) filx.g) hi xeMH (4.23)
ieNg
where {g;}ien, and {hi}ieN, are orthonormal sequences in H and H; respec-
tively, and p; # 0. If e; = gu() for some n(i) — in other words {e;} C {gr} —
then

r—1

i
Fopx := ) | :_) (x, hu@iy) i x e Hy. 4.24)
i=0 7Y

minimizes |AP — FB| gs overall F € F,.
Proof. See Appendix 4.B (page 106). O

Having obtained the Fypy, it is natural to seek for the minimal error norm ||A —
F opt Bllus.

Corollary 4.9.5. Let Fop as in Theorem 4.9.2. Then,

IA — FopBll3s = I All3s — Il FoptBll%s-
Proof. See Appendix 4.B (page 106). O

This may be surprising because I, is not a subspace of the space of bounded
linear operators. Yet we still have this Pythagoras type result. Now we can sum-
marize the steps for obtaining Fop := argmingcp, [|[A — FB| gs in the form of
Algorithm 1.

4.9.2 L? optimal downsampling solution

Recall that Sy := Sy’Gy. The Problem P3 with Hilbert-Schmidt norm can be
solved by apphcatlon of Algorithm 1. Among the 1mp0rtant parameters to find in
application of Algorithm 1 are the orthogonal projection P on the space (Ker Sy)l

and an SVD of the operator G P at almost every § € [—=, r]. Having obtained
an SVD of the operator Sy in Lemma 4.8.2, we can immediately write down an

orthonormal basis {px}rem, a0 Of the space (Ker .S/'y)L, hence P at almost every
0 e[—n,m]as

Px= > {x )b, x € L?[0, h). (4.25)
keM, ar£0
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Algorithm 1 For Fop := argmingy, |A — FBllus

Require: A and B are Hilbert-Schmidt operators
Obtain the orthogonal projection P on (Ker B)~*

if AP = 0 then
F opt = 0
else

Obtain SVD of AP and ¢; defined in (4.20).
if e; € Im B* @ (Im B*)* then
Obtain BT
Fopt is given by (4.21a).
else
Fopt € I, does not exist.
return
end if
end if
Calculate ||A — Fopi Bl g5 using Corollary 4.9.5
return Fopt 5 [|[A — Fopt Bl s

The next step in Algorithm 1 is to obtain an SVD of the operator G, P at almost
every 0 € [—n, z].

Lemma 4.9.6. Given LCTI system G, € L>* N L2 Using all the notations and
conditions of Lemma 4.8.2 and (4.25), an SVD (modulo ordering) of the operator
GyP : L?[0, h) — L?[0, h) at almost all @ € [—x, 7] is given by

GyP =D o4(ih,Pn)dn (4.26)
neM,a,#0

where

\/ZieZ |G (ontmi) vy (@ntmi)l?

>

On
On

> Gu(@npmi) vy (Ot mi)énsai (@5 7)
Onn ieZ

1

gn(7) =

and 7 € [0, h).

Proof. See Appendix 4.B (page 107). O

Clearly rank(G,P) < rank(P) at a given 6. Since S‘Y and G, P share right
singular vectors, we can invoke Corollary 4.9.4. Therefore, according to the Al-
gorithm 1, we have all the basic tools to obtain a solution of Problem P3. For
properly writing the results we need the definition of Dominant index set:
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Definition 4.9.7. The dominant index set is defined as an ordered set of the indices
of the dominant r elements of a bounded sequence S := {o0g, 01, - - - }. It is denoted
by D, (6).

For example if & := {10, 2,9, 4, 1} then D3(&) = {0, 2,3} and D4(6) =
{0, 2, 3, 1}. Note that r in D, (&) cannot be greater than cardinality of the &.

The following theorem, which is one of the main results of this chapter, de-
scribes a solution of Problem P3 (with the Hilbert-Schmidt norm).

Theorem 4.9.8. Given LCTI systvemvgV € L® N L2 Let S be the set of finite
singular values of the operator Gy P at almost every 0 € [—n,m] ie G =
{O'k}kEM,ak7é0. Givenr < M, define Fop as

o N
Fopdw = ), rk<yhf, mek>, (4.27)
keD,(S)

where

' N Ned @kt 1)
Ty = 2icz GVQwHM’WYWHM'Z)e] o T, (4.28)
ez Wy (o)l

whenever 8 € AU := {0 € [—n, 7] : Gy(eje) # 0} and v € [0,h). For @ e
[—7z, # ]\, we can take I:"opt = 0. If this interpolator Fopt is well-defined and
stable, then it minimizes |G, — F Sy 2 over all interpolators F with rank F<r
ateachf € [—n, x]..

Proof. Note that since Gy, € L2, the év is a Hilbert-Schmidt operator for almost
all 8. Also, because of finite rank, the operator S’y is a Hilbert-Schmidt operator
for almost all # and its image is closed. Now, the result follows from Corollary
4.9.4 and Remark 4.9.3. (|

Note that the set D, (&) can change with § € [—x, 7 ]. Theorem 4.9.8 solves
the Problem P3 with the Hilbert-Schmidt norm and gives the kernel of the interpo-
lator Fop in the lifted frequency domain. However, to solve the L? downsampling
problem P1, we have to also write the optimal interpolator Fqp as a cascade of
a stable downsampler Sh,opt and hold I:Iopt. To this end, (4.15) is very useful as
shown in the following result.

Theorem 4.9.9. Let Fop, 'y, G be as in Theorem 4.9.8. Define the lifted down-
sampler S’h,opt and hold I:Iopt such that their transfer functions have kernel

| e—ja}komh/
Fopt(?; —m) = i (4.29a)
e_kar—lmh

Gopt (€5 7) := [Thgs -+, Ti, ] (4.29b)
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[

G(jw)

Sh-

-5z 0 5w
o —>

Figure 4.9: G (jw) of Example 4.9.11

at each 6 € [-7, 7] respectively. Here {ko, ki, ,kr—1} := Dy (S). If the
downsampler Sy, ope and hold Hop, are well-defined and stable, then they solve the
L? downsampling problem.

Proof. Note that the inner product equals

. O\ - 0 _ o 0. — 0427k 1t
(3@, @), = D7 S (@ mye T
meM
The rest of the proof follows from (4.15). O

Note that the k; in Theorem 4.9.9 can change with @ € [—=x, m]. Also note that
if the optimal downsampler Sy, op and hold Hop are well-defined then interpolator

Fopt given by (4.27) is a hybrid interpolator by definition.

Remark 4.9.10. In general, for any bistable invertible mapping J, the ﬁoth and
J-! S"h,opt are also optimal hold and downsampler.

For any k € M, we call the set of frequencies
{0/h +20x5(k + Mi)}jen

the h'-aliased frequencies of the frequency 8/ h + 2wyk. Theorem 4.9.8 clearly
states that these h’-aliased frequencies play a crucial role in deciding the optimal
downsampler (see the construction of G in Theorem 4.9.8) for any finite M. This
fact is illustrated with an example given below.

Example 4.9.11. Let Gy and Gy be LCTI systems with classic frequency response

Gy(jo) and Gy(jw) respectively. Also, let Gy(jo) = Gy(jo) = G(jw) where
we|—m, ]

95 we|-3n,—n]U[lx,3n]

w e [—4r, -3x|U[3x,4n]"

S =

G(w) =

=5

elsewhere

G (jw) is shown in Figure 4.9. Also, suppose that the sampler Sy has sampling
Sfunction y (t) whose classic frequency response is given by

1 wel|[—-4r,4rn]
0 elsewhere

y (jo) =[
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Xopt[n] dopt (1)

Figure 4.10: Discrete sampling function yopc[n] of the L? op-

timal downsampler and the Hold function ¢op () of L? opti-
mal hold (right) in Example 4.9.11. The left figure also shows
% cos (1) sinc(%) (dotted).

and M = 2, h = 1. The Nyquist frequency is oy = /h = x.

Now, the input of the sampler Sy is bandlimited to wp = 4x rad/sec as G (jw)
is bandlimited to 4m rad/sec. Since the sampling interval of Sy i.e. h' ( =% ) is
greater than the Nyquist interval (defined as a’f—B ) required for its input i.e. %, there
are W -aliased frequencies at the output of sampler Sy (see Figure 4.3) [27, §5.1].
Calculating the singular values o; (see Lemma 4.9.6) in the presence of h'-aliased
[frequencies, we find that

00 =+/5/6~00913, o1 =0.95 VO € [—rm, 7]

Note thatoy > oq for all 0 € [—n, n]. Now, it follows from Theorem 4.9.8 that if
r = 1 then the L? optimal interpolator in lifted frequency domain is given by

. Jo17 4 aio-17 1. ,
Fopix = % <x, Seimh > m e {0, 1}

at almost all € [—n,n]). Using (4.29) and the inverse lifted transform, we

can write the discrete sampling function yop|n] and hold function ¢op(t) of the
optimal downsampler and hold as (see also Figure 4.10)

_ _ 1 . n 1y
Xopt[n] = 5 SlnC(E)(— )

Gopt (1) = % (ejz“’N’ sinc(r) 4 e 72! sinc(t)) = cos(2wyt) sinc(z).
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Since the optimal downsampler and hold are well-defined, Fopt is an order-1 hy-
brid interpolator. Also, since sinc[n] € €2, sinc(t) € L? and | cos(t)| is bounded,
it follows from lemma’s 2.4.7 and 4.6.2 that the optimal downsampler and hold are
stable (i.e. in L™°).

4.9.3 L? Error Norm

To quantify the reconstruction error (in the optimal case i.e. F = Fopt), we need
the error system norm ||G, — FopSyll 2. The following theorem states how to
obtain it.

Theorem 4.9.12. Let Fop, set G and set 2 be as in Theorem 4.9.8. The L? system
norm of the operator Fopn Gy is given by

1
1 FopiGy 7 = e / > opdo (4.30)
A
keD,(6)

where o}’s are defined in Lemma 4.9.6. Now the L* system norm of the system
Gy — FoptGy is given by

1Gy — FoptGy 72 = 1Gv 1172 = | FoptGy 172 (4.31)
where Fop is defined in Theorem 4.9.8.

Proof. For 6 € 4, ”FOPtgy”%lS = ZkeD,(G) akz as the Hilbert-Schmidt norm of
the operator FoptS'y is given by the sum of squares of singular values. For 8 € 2,
I:"OptS‘y = 0 for any bounded I:"Opt, which implies || I:"OptS’yH Hs = 0 at those 8. Now,
(4.30) and (4.31) follow from (2.27) and Corollary 4.9.5. U

Example 4.9.13. For the system of Example 4.9.11, we find that
1 T
2 2
[ FoptSyll;2 = h /_n 0.95° d6

and

1Gy = FopiSyllZ2 = 11Gv 1175 — | FopisSy 172
l T

1
= 1+ - 4+2x0.95% —0.95%) do = 2.403.
2h _,,( tytex )

Therefore, the reconstructed power (|| FopSy ||i2/||éV ||iz) is 27.29%. If we do full
order downsampling (in this case order M = 2) then the Fopt will be of rank-2 and

1 T
ForSyll?s = — [ 0.952+5/6 d0 = 1.736
L /_ y
Then, the reconstructed power is 52.53%. This is the theoretical limit, i.e. the

maximum that can be obtained by any downsampler and hold of any order, given
Gy and Sy.
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4.10 L optimal downsampling

The L downsampling problem is the Problem P; with L™ system norm. As
explained in Section 4.8, this problem can be solved by obtaining a solution of
Problem P3 with the the induced 2-norm first and then writing the resulting op-
timal interpolator as a cascade of a stable downsampler and hold. Section 4.10.1
contains some basic results that are important in the solution of Problem P3 with
the induced 2-norm. The solutions of Problem P3 and the L°° downsampling
problem are presented in Section 4.10.2.

4.10.1 Preliminaries

This section describes some basic results which are useful in obtaining a solution
of Problem P3 with induced 2-norm i.e. obtaining

Fopt = arg min Gy — F§y||
F

with constraint rank Fopt < rateach @ € [—=, n]. Here the minimization is point-
wise in 6. At almost all 6, the operator év . L2[0, h) - L2[0, h) is a compact
operator as G, € L2 (see Lemma 2.4.5). Similarly, because of finite rank, the
operator Sy is a compact operator at almost all given € (see Lemma 4.8.2). Since
I:"opt is bounded at almost all 8 by Lemma 2.4.4, Problem P3 can be thought as a
special case of a generic problem of obtaining

Fopt :=argmin ||A — FB||
FeF,

where A : ' H — Hop and B : ‘H — H; are compact operators, F' : Hj — Ho is
a linear operator (not necessarily bounded) and F, denotes the set of all bounded
linear operators mapping the space H; to Hy and that have rank at most . The
spaces H, Ho and H; are separable Hilbert spaces so that these spaces have an
orthonormal basis [47, theorem 3.52]. Also, P : H — H represents the orthogonal
projection on (Ker B)*, and we define Ay and T, as

Ay == A(l — P),
Ty = 1 — y_zANA;ﬁv VV € (||AN||>OO)5

where || - || represents the induced 2-norm of the operator throughout this section.
Ng for an operator G has the same meaning as in Section 4.9.1 (see (4.18)). Sim-
ilar to Section 4.9.1, we assume that Im B is not necessarily closed in this section.
An algorithm for obtaining Fop := argmingy, [|A — FB]| is presented at the
end of this section.
Similar to (4.19), the orthogonal projection P provides some clue about the
lower bound of ||A — FB|| for all bounded F'. Indeed,

Lemma 4.10.1. infg |A — FBJ| > ||An]|.
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Proof. Since B(I — P) =0, we have Ay = (A — FB)(I — P). Therefore,

ANl < IIA = FBIl|[l — Pl = |A — FB].

O
The following is a standard but important step in L° optimization [71,31]:
Lemma 4.10.2. Ify > ||Ay| then
_1
IA—FB| <y & |T, *(AP—FB)| <y
Proof. See Appendix 4.C (page 108). O

It is also clear from Lemma 4.10.2 that if y > ||Ay|| then the singular values

1
of Ty_iAP (or singular values of (AP)*Ty_lAP) provide a clue about optimal
Fopt at the given y .
We start with an SVD of AA* and other simplifications that are later useful in
obtaining singular values of (A P)"‘TV_1 AP for a given y.

Lemma 4.10.3. Let an SVD of AA* : Ho — Hg be given by

AA*x = Z a,% (x, k) Ok,
keNy

where {ay} is a non-increasing non-zero sequence. Define for a given fi,i € Nap
(see (4.20)) the subspace

Vi = span{vi|k € Na& (vx, fi) # 0} (4.32)

and the orthogonal projection P; onto the subspace V;. Then f; € V; and an SVD
(modulo ordering) of P;AA* P; : Ho — V; exists and it has the form

P, AA*Pix = Z a (x, vx) v, x € Ho. (4.33)

keNy
(v, fi)#0

Proof. Since A is assumed to be a compact operator, its SVD exists [69]. Hence

SVD of AA* exists. AsImA = Im AA* = span{v,vp,---}and f; e ImAP C

Im A, therefore we have for each i that f; € V;. Now, (4.33) follows from P;x =

D> keN, (x,0%) ok. O
(v, fi)#0

In Lemma 4.10.3, there is some degree of freedom in selection of the singular
vectors vy of AA*. However, once the singular vectors vy of AA* is fixed then the
space is V; is fixed.

The following corollary is immediate.

Corollary 4.10.4. The spaces V; (defined in Lemma 4.10.3) are invariant under
the operator AA*.
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Proof. The proof follows from the fact that the v are eigenvectors of AA*. O

Without loss of generality an SVD of P; AA* P; can be written by rearranging
(4.33) as

P,AA*Pix = Z a,»zn (x, 0in) Vin, x € Hoy (4.34)

”ENPiA

where {am}neN are in descending order, aizn are non-zero singular values of AA*
and v;,, are singular vectors of AA* such that (v;,, fi) # 0.

In general, obtaining singular values of (A P)*TV_IAP for a given y can be
very cumbersome but in some special cases it is relatively easy. One of the special

case happens if the following assumption is satisfied.

Assumption Ay : The subspaces {V;};cn,, defined in (4.32) are mutually or-
thogonal.

The above is a strong assumption. However in case of the downsampling this is
true as we will see later (this assumption is also satisfied in [31, theorem 5.1]).
Since f; € V; (see Lemma 4.10.3), therefore if Assumption Aj is satisfied
then f; L V;, j # i. Hence, the orthogonal projection P; on the space V; satisfies
P fj=dli — jl1fj- 1
Under Assumption A1, an SVD of the operator (AP)*Ty_fAP can be ob-
tained, which eventually helps in obtaining Fopt, as follows:

Lemma 4.10.5. Suppose an SVD of AP exists and is given by (4.20). Assume that
foreachi, an SVD of P;AA* P; : Ho — V; exists and has the form given in (4.34).
If y > ||An|l and Assumption Ay is satisfied for the spaces {V;}ieN,p, then an
SVD of (A P)*Ty_1 AP exists and it is given by (modulo ordering)

(APY'T'APx = D" i) (x,ei)ei

iENAp

where

-1

1
o) = (7" ( Z i bik) ) , (4.35)

I—y _2azk

and e; and f; are as defined in (4.20).
Proof. See Appendix 4.C (page 108). O

If Assumption A1 is satisfied for the spaces {V;};eN, . then the above Lemma
also says that if the right hand side of (4.35) is negative for some value of y then

_1
that y must be less than or equal to || Ay||. Also, the singular values of T, * AP
are 7; (y ) and the right singular vectors are ¢; (for all 7).
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1
Even after obtaining an SVD of (A P)*Ty_iAP, our original problem of ob-
taining arg minFeFr |A — FB]| is still two-fold as both mingcp, [|A — FB|| and
Fopy are still unknown. However, if we restrict F' to a particular class then we can
obtain both.

Lemma 4.10.6. Suppose that an SVD of AP is given by (4.20). Given r <
rank A P, define the set § that consists of all rank-r F given by

Fx = Zai (B*x,e) fi, x € Hj (4.36)
ie®

where € is any set of different r non-negative integers in the set N4 p and e; and f;
are as defined in (4.20). For convenience, we define Fy € § as that F which has
€ = D, (&) (see Definition 4.9.7) where & := {ajo}ieN,,- If Assumption Ay is
satisfied for the spaces {Vi}ieN, p, then Fo = argming z [|A — FB| and

|A— FoB|l = max_{ajo, |AnIl}. (4.37)
i¢Dy (S)
ieN
Proof. See Appendix 4.C (page 110). U

Note that § might contains unbounded operators, therefore § & F,.
In the following theorem we show that Fy defined in Lemma 4.10.6 not only
minimizes |A — F B]|| over the set § but also over I, under certain conditions.

Theorem 4.10.7. For a given r < rank AP, let the set D,(S) be as in Lemma
4.10.6. Also suppose that an SVD of AP has the form given in (4.20). If space
span{e¢;}iep,(s) € ImB* @ (Im B*)* and Assumption Ay is satisfied for the
spaces {Vi}ieN then a rank-r bounded Fop := argmingcp, ||A — FB|| exists and
can be chosen as Fy (see Lemma 4.10.6). Also, |A — FopB|| = |A — FoB|| (see
(4.37)).

Proof. See Appendix 4.C (page 111). U

Remark 4.10.8. Theorem 4.10.7 is for r < rank AP only. However, if r >
rank(A P) then Fop := argmingcp, ||A — FB|us is given by (4.21a) with r =
rank AP as AP — Fop B =0 and ||A — FoB|| = ||An|| in this case. Taking o; =0
for all i > rank(AP), we can write Fop, for r less than or equal to dimHy or
dim H | whichever is smaller, as (4.22).

In Theorem 4.10.7, we need span{e; };ep,(s) € ImB* @& (Im B*)* for the
Fy, defined in Lemma 4.10.6, to be bounded. However, if Fj is unbounded then
a bounded Fope € F, may still exists such that [|[A — FoueB|| = |A — FoB].
However for the application we are considering in this chapter (the downsampling
problem), the condition Span{e;};ep, (s € ImB* @ (Im B*)L is satisfied (see
Theorem 4.10.11).
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Remark 4.10.9. The construction of V; given in Lemma 4.10.3 is done in such
a way that it suits the downsampling application. However, if we can construct
subspaces V; C Hy such that

1. Foralli e Npp, fi € Viand f; L V;, j #1.
2. V; are invariant subspaces of AA*.
3. The subspaces {Vi};ecn ,, are mutually orthogonal.

4. Foralli € Nyp, there exists an SVD of P; AA* P; of the form

PAA*Px = D af, (X, 0in) Oin, x € Ho (4.38)

neNp‘.A

where P; is the orthogonal projection onto the subspace V; and (v;y, fi) #
0, Vn.

then it can be proved that the Lemma 4.10.5, Lemma 4.10.6 and Theorem 4.10.7
remain unchanged for this newly defined V;.

Now we can summarize all the steps for obtaining Fop := argmingp, [|A —
FB| in a form of Algorithm 2.

Algorithm 2 For Fop := argming ., [|[A — FB]|

Require: A and B are linear bounded operators
Obtain the orthogonal projection P on (Ker B)*
Obtain SVD of AP and ¢;, f; defined in (4.20).
Obtain V; defined in Lemma 4.10.3 and & defined in Lemma 4.10.6
if the V;’s satisfy Assumption Ay & spanfe;}icp,(s) € ImB* @ (Im B
then
Obtain BT
Fopt = Fp (see Lemma 4.10.6).
else
Procedure limitation
return nil
end if
Calculate ||A — FopB]| by using (4.37)
return Fopt 5 ||A - FoptB”

*)J_

4.10.2 L* optimal downsampling solution

Problem P3 with induced 2-norm can be solved by application of the Algorithm
2 (page 87). As in Section 4.9, we define Sy := S'Gy. The orthogonal projection

operator P on the space (Ker S'y)l, and an SVD of the operator G P at almost
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every 0 € [—=x, n], required in Algorithm 2, are given by (4.25) and Lemma 4.9.6
respectively.

The next thing in Algorithm 2 is to find the invariant spaces V; based on an
SVD of évét and left singular vectors ¢g; of évﬁ (see Lemma 4.9.6). An SVD
(modulo ordering) is given by [31]

G\Gyib =D Gy(jo)* (i, &) &.
i€l
where ¢; are defined in I:erpma 4.8.2. Using Lemma 4.9.6, an SVD (modulo or-
dering) of the operator Gy P : L2[0, h) — L2[0, h) at almost all @ € [—x, 7] is
given by

GPib= D o, pi) -
ieM,a;#0

Hence, the V; defined in Lemma 4.10.3 in this case equal
Vi 1= SPan{éi mk e (4.39)

where Q; := {k € N : (g;, ¢&;+mx) # 0} and g; are defined in Lemma 4.9.6.
Assumption Aj is satisfied in the downsampling problem as shown in the
following lemma.

Lemma 4.10.10. V; defined in (4.39) are mutually orthogonal.

Proof. Fori # j,V; L V; as é Vk e Z are orthogonal to each other at each
0e|—mn,nx] O

By the above Lemma the V;’s are (mutually) orthogonal (Assumption Ajp),
therefore we can proceed further according to Algorithm 2. Suppose P represents
the orthogonal projection onto the space V; at each @ € [—x, w]. Since, the & are
eigenvectors of the operator évéj, we have for every © € L?[0, h) the

PiGGyPib = D Gy(irmi)” (1, iy mi) iy mr
keQ;

Now, we give a solution of Problem 7P3 with induced 2-norm using Theorem
4.10.7.

Theorem 4.10.11. Given LCTI systems Gy, Gy € L™ NL2. Define Gn = év(l -
P)7 |vaax,i| = max;eQ; {lcvﬁa)H-Ml)”: and 6 = {lemax,i|}ieM at almost
every8 € [—m, ). Givenr < M, define Fyp as

- L1
Fopdi = Y, rk<yh/, fek>, (4.40)
keD,(S) M
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where D, (©) is defined in Definition 4.9.7 and Uy is defined in (4.28), whenever
0e:=1{0el[-nn]: Gy #0})andt € [0,h). For0 e [—r,x]\2,
we can take Fopt = 0. If this interpolator Fop is well-defined and stable, then

it minimizes |Gy — FSyllLee over all interpolators F with rank F < r at each
0 € [—x, n). The optimal norm is given by

1Gy — FopiSyllLe = esssup [|Gy — FopiSy| (4.41)
Oe[—n,r]
where
Gy — FopSy|| = max (G ils G )
IGv opt y” i¢D,(&).icM | vmax,z| IGNIl

Proof. Ateachf € [—x, 7], S’y (¢/%) is a finite dimensional operator. Therefore at

almost each 8 € [—x, ], Im Sy (ej9 ) is closed. The rest of the proof follows from
Lemma 4.10.10, Theorem 4.10.7 and Remark 4.10.8. O

The quantity ess supy¢( |éN || is known as Parrott lower bound [45]. Note

-7, |

that in (4.40) the set G is defined as a set of all singular values of G,Pata given 0
whereas in (4.27) the set G is defined as a set of maximal singular values of P;G.

Remark 4.10.12. To solve the L*° downsampling problem, we have to also write
the optimal interpolator Fop (defined in (4.40)) as a cascade of a stable downsam-
pler S‘h,opt and hold I:Iopt. This can be done by using the same technique adopted in
Theorem 4.9.9. Define S"h,opt(eje) and hold I:Iopt(ejg) with kernels given in (4.29)
using the set G defined in Theorem 4.10.11. If the downsampler é:h,opt and hold
Hopt are well-defined and stable, then they solve the L downsampling problem.

Note that if the optimal downsampler é:h,opt and hold Hop, are well-defined then
interpolator I:"Opt given by (4.40) is a hybrid interpolator by definition.

In general, calculation of the Parrott lower bound can be very tricky but if
G (jw) has finite support then, the calculation can be done by using matrices. The
matrix associated with the operator éN . L2[0, h) - L2[O, h) with respect to the
orthonormal bases {¢;} is the array [ax; ¢ jcz Where ay = <GNé1, ék> [69, §7.6]. It
can shown that

Gy(jox) ((_Skz - M) rem(k —1, M) =0

arcm(k,M)

0 rem(k — I, M) #0

ay] = (4.42)

where 0y := o[k — I] and rem(k, M) := k — |k/M |M where |k/M | denotes the
largest integer less than or equal to k/M. This technique is used in the following
example.

Example 4.10.13. Consider the Example 4.9.11 but here we find the L*° optimal
downsampling solution instead of the L* optimal downsampling solution.
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Since M = 2, we have Ml = {0, 1}. Fori € M, q; defined in Lemma 4.9.6
becomes,

2 5 1
Go = 50T 5z 0 €[—n,0]
%éo + %5_2, 0el0, ]

. | . .
g1 =—F=(E-1+e), Oel-nnx]

V2

Then for every 0 € [—r, ], Gymax,i defined in Theorem 4.10.11 becomes

1 i=0
|vaax,i| = [0.95 i=1 .

Clearly D1(&) = {0} in the Theorem 4.10.11. Using Theorem 4.10.11, if r = 1
then an L™ optimal interpolator in lifted frequency domain is given by,

(%ejwof + %ej“’”) <x, %ejwomh/> 0 e[—r,0]

F tX = X . . ,
op (%e_]woz + %e]w_zr) <x, %e]womh > 0 el0,rx]

where m € {0, 1}. Using (4.15) and the inverse lifted transform, we can write

the discrete sampling function Yop|n] and the hold function ¢op(t) of the optimal

downsampler and hold as

_ 1 . n
Xoptln] = ) SmC(E)

2 . 1 It . t
dopt(t) = 3 sinc(t) + G COS(T) smc(z)

See Figure 4.11. Since the optimal downsampler and hold are well-defined, Fop is
an order-1 hybrid interpolator. Also, since sinc[n] € €2, sinc(t) € L? and | cos(t)|
is bounded, it follows from lemma’s 2.4.7 and 4.6.2 that the optimal downsampler
and hold are stable (i.e. in L™°).

Since Gy (jw) has finite support, we can obtain an equivalent finite dimensional
matrix representation of the operator GN for norm calculation (see [69, §7.2]).
This yields,

IGll = 0.95 Vo e [—7, 7]
and

1Gy — FoptSyllLee = ess sup max(0.95, |Gn|)) = 0.95.

Oe[—n,r]

Comparing with Example 4.9.11, we can say that the L* and L™ downsampling
problem may have entirely different solutions. However, if we do full order down-
sampling (in this case order 2), then new Fopt is of rank-2 and will be the same as
L2 optimal one. In this case, D2(&) = {0, 1} and

1Gy — FopSyllL = esssup [|Gnll = 0.95

Oe[—n,r]
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Popt (1)

0 5 ‘ Xopt[n]

Figure 4.11: Discrete sampling function yop[n] of the L opti-
mal downsampler and Hold function ¢qp(7) of the L optimal hold
(right). The left figure also shows % sinc(%) (dotted).

Comparing again with Example 4.9.13, increasing rank of F from 1 to 2, decreases
the L? reconstruction error but not the L™ reconstruction error.

4.11 Downsampling in the presence of noise

Figure 4.12: Sampled-data setup for downsampling in the presence
of noise

In this section, we will see the effect of colored noise on the L2 and L down-
sampling problem. Noise analysis in this section is just an application of the the-
ory we discussed in the previous sections. The setup for noise analysis is shown in
Figure 4.12. Here w, : Z — C is colored noise modeled by the /’-time invariant
system G, with input signal @, : Z — C which is the white noise. The /’-time
invariant system g’n e L is defined as

e = Gnibn : Welkl = D 2nlk — ilidnli] (4.43)
i€Z
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[ [Gv O]
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Figure 4.13: Modified Sampled-data set-up for noise

where g, is the impulse response of the discrete system G,.

For noise analysis, using the sampled-data system theory, we redraw Fig-
ure 4.12 as Figure 4.13. Figure 4.13 is similar to Figure 4.3 except for the signal
models and the input signal. Now, the error system in the presence of noise is

defined as the mapping from |:1;)0 i| to e and it is of the form
n

Ge :=Ga — FGB
where
A =[Gy 0] (4.44)
=[Sy Gul (4.45)

and Sy := Sy is stable sampler with sampling function yy (see Lemma 4.8.2).

Our aim is to obtain an F := HS), of order at most r such that lGell; 2 or
|GellLo~ is minimized. Note that it is not necessary that a hybrid interpolator F (of
given order) that minimizes ||Ge ||| 2 also minimizes ||Ge||yo.

Similar to Section 4.9 and Section 4.10, Algorithm 1 and 2 will be used to
obtain the L? and L® optimal interpolator in the presence of noise. In both Al-
gorithm 1 and 2, we start with obtaining the projection operator Pg on the space
(Ker Gg)t ateach 6. Havmg an SVD of Gg, we can immediately get an orthonor-
mal basis of (Ker GB) hence the orthogonal projector Pg. We start with an SVD
of Gn at each @ € [—x, w]. This can be obtained by following lemma.

Lemma 4.11.1. Given is an h'-time invariant system Gy, € L™ as defined in (4.43)
with Gy(z) representing the classic z-transform of the kernel gn[i] of the operator
Q_n. Then, at each 0 € [—x, n], an SVD (modulo ordering) of the lifted operator
G is given by

Gn(&™) (1, é1) &

M3

k=0
where the ey, are defined in Lemma 4.8.2.

Proof. See Appendix 4.D (page 113). O
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l}emark 4.11.2. Note that since rank Gn(eje) < M at almost each 6 € [-m, 7]
Gn € L™ implies Gy € L? (follows from Lemma 2.4.6). Therefore Gy € L™ is
same as G, € L2 N L™,

Since Gy, Sy and G, are stable (see also Lemma 4.8.2), we have that Go and Gg
are stable. Now, the stability of G4 and Gg implies that they are operators mapping
L*(R) x €*(Z) to L*(R) x €*(Z). Lifting the input signal [w a;n]T =: wq results
in the lifted signal wg where ws[k] belongs to space L2[0, h) x CM. The inner
product of the space L?[0, h) x CM is defined as

<[zj ’ [ziD = (w1, w3) 210 ) + (W2, Wa)cm

where w1, w3 € L2[O, h) and w;, w4 € CM, 5
Now, an SVD of the operator Gp can be obtained by noting that Sy = S,/ Gy
and G, share the same left singular vectors.

Lemma 4.11.3. Let G, Gy and Gn are in L2NL™®. Also let oy, py and éx be as in
Lemma 4.8.2. At almost all 0 € [—n, r], the lifted operator éB can be expressed
as

Geibs= D> ui(ibs, k). s € L7[0,h) x CM  (4.46)
keM, ur#£0

. )
where g = | - |,
)

n

M -, . 1 S 1
Ui = /Za,% + |G ("), and ppy = m [,/ Morpx  Gn(h )*ek]
k
where * is complex conjugate operator.
Proof. See Appendix 4.D (page 113). O
Now the orthogonal projection operator Pg onto the space of (Ker Gp)?t is

straight-forward because we have an orthonormal basis of the space (Ker Gp)t.
In fact, Pp is given by

Pgx =D (¥, Pok) Puks ¥ e L¥0,h) x CM (4.47)
keM, u#0

The next step in Algorithm 1 and 2 is to obtain the SVD of the operator GaPs.

Lemma 4.11.4. Let Gy, Gy and G, are in L2 N L™, Also let Dok, and uy be
as in Lemma 4.11.3. If Pg = L*[0,h) x CM — L2[0,h) x CM denotes the
orthogonal projection into the space (Ker CV}B)J-, then an SVD (modulo ordering)
of the operator G A Py at almost every 0 € [—m, ] is given by

GaPoibs = D pi (ibs, Puk) Gr s € L7[0,h) x CY (4.48)
keM, ur#0
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where the gy are defined in Lemma 4.9.6, py i are defined in Lemma 4.11.3 and

M \/ZieZ |G Gox+mi) v o+ mi) |2
pe =17
h Hi

Proof. See Appendix 4.D (page 114). O

From this point onwards Algorithm 1 and 2 differ, so L? and L* optimal down-
sampling in the presence of noise is treated in two different subsections given next.

4.11.1 L? optimal downsampling in the presence of noise

This section describes the L? optimal downsampling problem in the presence of
noise. Since Gg and G Pg share right singular vectors, we can use Corollary
4.9.4. Therefore, according to the Algorithm 1, we have all the basic tools to
obtain an interpolator that minimizes ||Ga — FGg||; 2 over all interpolators F with
rank F < r ateach @ € [—x, ]. This eventually helps in solving the L? optimal
downsampling problem in the presence of noise.

Theorem 4.11.5. Let Gy, Gy and Gn are in L> N L. Also let oy, wy(jw) and
éx be as in Lemma 4.8.2. Let & be the set of finite singular values py of the
operator éA 13]3 defined in Lemma 4.!1.4 at almost every 0 € [—m,w]ie & =
(P dkem, yp 0. Givenr < M, define Fy opt as

o . . 1 .
Foopr = rn,k<yhf,ﬁek>, (4.49)
keD,(6)

2iez Ov(okemi) vy (ok+mi Yel@krmi)T

—— , 4.50
o + 7|Gn(@r) 2 @0

Ing =

whenever 0 € A (= {0 € [—n, 7] : GB(ejH) # 0} and v € [0,h). For 0 €
[—7z, m 1\, we can take Fn,opt = 0. If this interpolator JF opt is well-defined and
stable, then it minimizes ||Ga — FGgll; 2 over all interpolators F with rank F<r
ateach € [—rm, ).

Proof. Similar to the proof of the Theorem 4.9.8. O
Note that set D, (&) can change at each 6.

Remark 4.11.6. In order to write the optimal interpolator Fn,op[ (defined in (4.49))
as a cascade of a stable downsampler .S/‘h,opt and hold I:Iopt, we can use the same
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technique adopted in Theorem 4.9.9. Define lifted downsampler .S”h,opt and hold
ﬁopt such that their transfer functions have kernel

e—jwkomh’
S ; 1
Hop (s —m) 1= — R (4.51a)
e_kar—lmh
q\gopt(ejg; T) = [rn,k()’ R rn,k,_l] . (451b)
at each 0 € [—x, ] respectively. Here {ko, ki, ,kr—1} := D, (&) v_vhere the

ordered set D, (8) is defined in Theorem 4.11.5. If the downsampler Sy op and
hold Hop are well-defined and stable, then they minimize ||Ga — HSKGB Il 2 over
all downsamplers and holds. Note the effect of the noise on &, k; and I'y ;. Also
note that if the optimal downsampler Sh,opt and hold Hop, are well-defined then

interpolator I:"n,op[ given by (4.49) is a hybrid interpolator by definition.

The optimal error norm [|Go — Fy optGBll 2 can be found using following
lemma.

Lemma 4.11.7. The squared L? system norm of the operator Fn,optGB is given by

1
1Fn,opGBII17> = I / > piad (4.52)
QlkeD,(G)

where py is defined in Lemma 4.11.4 and JF, op, is given by (4.49). The L? system
norm of the operator Ga — Fy optGB is given by

1GA — Fo.opTBlT2 = 1G22 — | FnoptTB 17 (4.53)
Proof. The proof is similar to the proof of Theorem 4.9.12. O
Intuitively, non-zero noise increases the reconstruction error. Indeed.

Corollary 4.11.8. |Ga — FoopiTBlI 2 = 1Gy — FopeSylly 2

Proof. Since ,/ % Uk > ag, we have that ff’—’; = 7—k < 1. This further implies
o7 Kk

”}—n,opth”LZ < ”j:optSy”L2~ It means ”gA - fn,opth”L2 > ”gv - foptSy”LZ by

Lemma 4.11.7 and Theorem 4.9.12. O

This fact is also illustrated with the following example.

Example 4.11.9. Consider Example 4.9.11 but here we find the Liz optimal down-
sampling solution in the presence of noise. Also, we assume that Gy, is the identity.
Calculating the singular values p; as defined in Lemma 4.11.4, we find that

po = 0.79 0el[—-m,n]
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0.78

0.55,: )_Copt[n] ¢Opt(t)

Figure 4.14: Discrete sampling function jopc[n] of the L2 opti-
mal downsampler and Hold function ¢qp(f) of the L? optimal hold
(right) in the presence of noise in Example 4.11.9. The left figure
also shows % cos(rmt) sinc(%) (dotted).

p1 =0.84 0el-—m,x]

Note that py > po for all § € [—xn,]. Now, it follows from Theorem 4.11.5
that if r = 1 then the L? optimal interpolator in lifted frequency domain is given
by

Fn,optx =0.78

. ejwrr +eja)_]t
2

X leja)lmh/>

for almost all @ € [—n, w] and m € {0, 1}.

Using (4.51) and the inverse lifted transform, we can write the discrete sam-
pling function yop[n] and hold function ¢op(t) of the optimal downsampler and
hold as

Fopln] = 3 sine(3)(~1)"
@opt(t) = 0.78 cos(2ent) sinc(z).

See Figure 4.14. Since the optimal downsampler and hold are well-defined, Fop is
an order-1 hybrid interpolator. Also, since sinc[n] € €2, sinc(t) € L? and | cos(r)|
is bounded, it follows from lemma’s 2.4.7 and 4.6.2 that the optimal downsampler
and hold are stable (i.e. in L™°).

Also, using (4.52) and (4.53), we obtain

1 T 1
162 = 5o [ (145 +20095) a0 = 3.305
-
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T

1
||~7:n,opt8h’gy||iz = ﬂ/ ,012 do = 0.707

-7

Hence,

1Gy — FoptSuGylI?» = 2.5983.

Therefore, the reconstructed power (|| FoptSy |Iiz/|lév|liz) is 21.38%. If we do full
order downsampling (in this case order 2), then Fop is of order-2 and

T

1
PGy = 5 [ o+ o do = 13317

-7

Then, the reconstructed power is 40.29%. Comparing with Example 4.9.13, the
recovery is reduced in the presence of noise as expected.

4.11.2 L optimal downsampling in the presence of noise

This section describes how discrete noise affects the L*° optimal downsampling
problem. Similar to Section 4.10, obtaining a general L°° solution can be tricky
but if Assumption .4 is satisfied then the problem can be solved. Since G Aé;‘; =
évéj and the left singular vectors g of GaPy (see (4.48)) are the same as the
left singular vectors of évﬁ (see (4.26)), we have that the subspaces V; in the
presence of noise are the same as in the case of without noise (see (4.39)). It is
already proved in Lemma 4.10.10 that these subspaces V; are mutually orthogonal
i.e. Assumption A holds in this case.

Now, we obtain an interpolator that minimizes ||Gao — FGg|| . over all inter-
polators F with rank F < rateach® € [—x, ]. This eventually helps in solving
the L* optimal downsampling problem in the presence of noise.

Theorem 4.11.10. Let G,, Gy and Gy are in L2 NL™. Also let ay, wy(jow) and éx
be as in Lemmav4.8.2. Let |Gymax,i| and D, (&) be as in Theorem 4.10.11. Given
r < M, define Fy opt as

T, S I
Foptyn = Tok{yn, ——=¢€x ), (4.54)
,opt Y. K\ Y NI

keD,(6)

where I'y  is defined in (4.50), whenever 0 € 2 :=u{9 €[—n,x]: GB (ejg) # 0}
and v € [0, h). For 8 € [—n, x|\, we can take Fy opt = 0. If this interpolator
Fropt is well-defined and stable, then it minimizes ||Ga — FGgllLe over all in-

terpolators F with rank F < rateachf € [—x,x]. The optimal norm is given
by

IGA — FropGllLe = esssup [[Ga — FoopGall (4.55)

Oel—n,m]
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where

1Ga = FropGoll = max_(IGunaal, 1GaU = o))
’¢Dr(6)
1€

Here || - || is the induced 2-norm.

Proof. Proof follows from Theorem 4.10.7. O

The quantity esssupyci_z .z ||éA(I — 133)|| is known as the Parrott lower
bound in the presence of noise.
Remark 4.11.11. In order to write the optimal interpolator I}ﬂjopt (defined in
(4.54)) as a cascade of a stable downsampler S/'h,opt and hold ﬁopt, we can use the
same technique adopted in Theorem 4.9.9. Define S"h,opt(eje) and hold I:Iopt(ej‘g)
with kernels given in (4.51) using the set G defined in Theorem 4.11.10. If the
downsampler Sh,opt and hold Hopy are well-defined and stable, then they minimize
1Ga — HSKGrllL over all downsamplers and holds. Note that if the optimal
downsampler Sh,opt and hold Hp are well-defined then interpolator Fn,opt given
by (4.54) is a hybrid interpolator by definition.

Intuitively, noise should increase the Parrott lower bound as well as the recon-
struction error, which can be seen analytically as follows.

Lemma 4.11.12. Let év and S‘y, P be as in Theorem 4.10.11. Then,
1. ||gA - ]:n,opth”LD“ > ||gv - }-optSy”Loo
2. esssup [GA(I — Pp)l| > esssup |Gy(I — P)]|

Oe[—n,r] Oe[—n,r]

where Fopt is the optimal interpolator in the noise-free case defined in Theorem
4.10.11 and JFy opt is the optimal interpolator in the noise case defined in Theorem
4.11.10.

Proof. See Appendix 4.D (page 114). O

Similar to Section 4.10.2, if Gy (jw) has finite support then calculation of the
Parrott lower bound in the presence of noise can be done using matrices. The
matrix associated with the operator G Al — PB) which maps from L2[0, h) x cM

to L2[0, ), with respect to the orthonormal bases [{[O]LcN, {[i}neM] and

{éx} is the matrix [[builkez,rem  Larilk,1ez]] where (see [69, §7.6])
- < (0] . - < e | .
b =\Gall = Pg) | o |.ex) and ay :={Gall = P)| (. ¢).
This equal to

MGy &)y (o) v} or) _
. TS rem(k, M) =1

0 rem(k, M) # 1

(4.562)
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Gy (o) (Sk, - M) rem(k — 1, M) = 0
ag] =

ho 2
Mfurem(k,M)

0 rem(k — I, M) #0

(4.56b)

where 0y = J[k — I] and rem(k, M) is defined in (4.42).

Although, the Parrott lower bound may increase in the presence of noise, it
does not mean that the reconstruction error has to increase. There are cases where
the noise does not increase the reconstruction error at all. This happens if the
Parrott lower bound in the presence of noise is smaller than or equal to

esssup  max_ |Gymax.il-
Oel—m,x]i¢D: ()
ieM

This is contrary to the L? case where non-zero noise will always increase the error
norm as seen in the following example.

Example 4.11.13. Consider Example 4.10.13 but here we determine an L*° opti-
mal downsampling solution in the presence of noise. Also, we assume that Gy, is
the identity. Similar to Example 4.10.13, we find that D1(&) = {0} in this example
also. If r = 1 then an L™ optimal interpolator (4.54) in lifted frequency domain
is given by,

. [+ deen) [, deket) 0 e (- 0)
et = (1edene 4 Lao-ar) [, deoon) g e f0, 7]

Using (4.15) and the inverse lifted transform, we can write the discrete sampling
Sfunction yop[n] and hold function ¢op (1) of the optimal downsampler and hold as

_ 1 . n
n,optln] = ) SIIIC(E)

1 1 Trt t
n,opt(t) = 3 sinc(t) + 3 cos(%) sinc(i).

See Figure 4.15 (page 100). Since the optimal downsampler and hold are well-
defined, Fop is an order-1 hybrid interpolator. Also, since sinc[n] € £2, sinc(r) €
L? and | cos(1)| is bounded, it follows from lemma’s 2.4.7 and 4.6.2 that the opti-
mal downsampler and hold are stable (i.e. in L>°). Since G (jw) has finite support,
we can obtain an equivalent finite dimensional matrix representation of the oper-
ator GA(I — };B)for norm calculation (see (4.56)). This yields,

|Ga(I — Pg)|l = 0.95 Vo e [-m, 7]

Hence the Parrott lower bound in the presence of noise is €ss SUpge[_r -1 |l GA(I -
Pg)| = 0.95. Also,

IGA — FopFallLe = esssup (0.95, |Ga(l — Pg)ll) = 0.95.

Oe[—n,r]
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ool

Popt (1)

0 5 ‘ Xopt[n]

Figure 4.15: Discrete sampling function yop[n] of the L opti-
mal downsampler and Hold function ¢qp(f) of the L optimal hold
(right) in the presence of noise. The left figure also shows % sinc(%)
(dotted).

Although éA(I - 133) in this example does not equal to the GN of Example 4.10.13,
but ||GA — FoptIB L~ is equal to |Gy — FoptSyllLe. So in this example, the unit
power noise does not increase the reconstruction error.

4.12 Concluding Remarks

This chapter describes the optimal non-causal solution of the downsampling prob-
lem of minimizing ||Gy — HShSh/gylle and [|Gy — HS‘hSh/gyuLoo over all stable
holds (with input dimension r) and downsamplers (with output dimension r). The
result is generic in the sense that the spectrum of input signals need not be ban-
dlimited. Obtaining the optimal downsampler becomes more intricate because of
aliased frequencies. Although the solution is provided for LCTI Gy, by proceeding
in similar manner, the downsampling problem can be solved for any linear /-time
shift invariant system G, using Theorem 4.9.2 and Theorem 4.10.7. The effect of
noise is also studied in this chapter. As expected noise increases the reconstruction
error L2, but it is not necessary that noise increases the L reconstruction error
norm.

4.A Proofs of the results in sections 4.5, 4.7 and 4.8

Proof of Theorem 4.5.4. Assume that the classic z-transform f(z) of f is given.
The z-transform (4.5) is defined for a lifted signal spaced at interval 7 whereas
the discrete signal f(n) is spaced at interval A’ = h/M. Therefore, we need a

. . 1 .
fractional z-transform, in other words z # -transform. But for any z = |z|e/ A% €
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C where Arg is the principle argument function [48, Chapter 3], the z W not unique

. 1 Arez i .
and has M roots givenby z ¥ = m e M foralli € M. We denote the roots

.Argz

2ri -
as z; = |z| i el e # . The classic z-transform of f[n] at z; now becomes

M—1

fG) = Z fimz™ = Z Z FIMk + m]zi—(Mk+m)

nez keZ m=0

-Argz 2mi
= Z,e” 7 and M =

Define sg := (log(IZI) +jArgz), then €% = |z| el i
|z|el AT82 = 7. Th1s implies
1 1 e
@) = 2 3 (Flampemon) eI
m=0
Since f (z m)e™*0" is a periodic discrete signal as a function of m with period M.

Hence, - i f(z) is ith discrete Fourier series coefficient of sequence f (z; m)e=som
in m. Therefore,

M—1
N 1 - 2rm -
Famem = 03 fand T

i=0
R M=l
fm) =2 > FEE"
i=0

Conversely, assume that the discrete lifted z-transform f (z) of f is given.
Then,

M-1
> FEMm) Z Y fIMk +miz M
m=0

keZ
M—
= Z [Mk +m]z= M = %" Flnjz
keZ m= nez
=f@)
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Proof of (4.11). Consider the z-transform of the output of the lifted downsampler
4.3):

F@ =D I =D > Spln — ilywlile™"

neZ neZ i€l

=> (Z Snln = i]z*”‘”)ih/[i]z"'

i€Z \neZ

= (Z Sh [n]z_”) > wlile™
nez ieZ
= Sh (Z)yh/ ()

Now it follows from (4.3) that

@ = (Z)?[k; —m]z"k) Y (23 m)
meM \keZ
= > 7 —m)yp(zm).

meM

By the above equation, the transfer function Sh (z) is an operator whose kernel is
given by y(z, —m). O

Proof of Theorem 4.7.2. Given that the output yj, of the downsampler has r rows.
Therefore at each § € [—x, 7], we have yj, (e ) € C’. In addition to the above,
we have

i1(e’; 7) = F(&)ye?) = ¢(e?; 1) (e?)

Therefore, dim(Im F (ei?)) < dim(Im Sh (¢?)) < r at almost every 0 € [—x, 7].
Hence rank(F) < r.
O

Proof of Lemma 4.8.2. In the proof we drop (el?) from all signals or systems un-
less necessary. Part 1: Trivial.
Part 2: Since yy(jo) = y(jo)Gy(jo) and Gy € L2, we have

o0
/ lyy () do < [y llL=lIGyll 2y < oo,
o

where ||y ||L~ = esssup,g | (jo)|. This implies yy € L? by Parseval’s theo-
rem. )
Part 3: Similar to the derivation of (4.12), the system y;, = Sy equals

h
s @sm) = [l =) (o) ds
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where m € {0, --- , M — 1}. Using the Key lifting formula (2.18), we have

i@t =) = 3y o))
k
Therefore yj can be written as
. 1 h . ' /
(s m) =5 2 wyGon (/0 ih(7)e I dr) efoxmh
k
1 M !
_ 'a)k (ZZ), ék) erkmh
\/]; Zk: ‘//y(] )

M 5
= \/;Z wy(jor) (W, e;) ex (4.57)

Note that, for any given 6, the {¢ }ycp forms an orthonormal basis in CM and that
éx = éxami Vi € Z (see Remark 4.5.6). So, the infinite sum in (4.57) equals a
finite sum:

S M . G sy o
Y =4/ ZZWYQC"") (w, ex) ex

keZ
\l Z Zl//y(lwk—i-Mt) W, ExtMi) ek+Ml
k=0 ieZ
< t//y(]a)k-l-ﬁ/[l) > >
=,/— Z o (W, 7€k+Mz €k
Gk
i€’
M-1
M VRV
=V Z ak (w, pk) ek (4.58)
k=0

Since yy € L2, we have a; < oo for almost all 8, this again implies py e_Lz[O, h)
for almost all . Note that still, we have for almost all 6 that {p;, px) = o[i — k].
Part 4. Follows from Lemma 2.4.7.
O

Proof of Theorem 4.8.4. In Problem P3, we need F € L°°. By Lemma 2.4.4 this
means implies a bounded F at almost all 6.
Now, the L? norm of the error system is given by

1
Gy~ FSy 122 = 5 /_ 1Gy (&) — F )y )% s db

Since, ||év(ej9) - I:“(ejg)ﬁy(eje)uyg > 0, therefore minimizing at each § with
constraint of rank(F (eig)) < r, defines I:"Op[ for all 6.
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The L™ norm of the error system is given by

IGy = FSyllL= = esssup 1Gy () — F(&)Sy () oo
Oe[—n,r]
Lets us assume yope := ming |Gy — F Syl = obtained by a F; such that F; #
Fopt and ess SUPge(—z.7] rank(Fl (eja)) < r. But it follows from definition of Fopt
that |G (") — F1()Sy () lco > 1G () = Fop(61)Sy ()| oo at almost all
6 € [—r, m], therefore
esssup [|Gy(e”) — Fi(”)Sy () oo

Oe[—n,r]
> esssup |Gy(e?) — Fop(€)Sy (€)oo
Oel—n,m]

:>||gv - fISy”LOO > ”gv - -7:0pt8y||L‘><j

But we assumed ] is optimal, this means |Gy — F1SyllL= < Gy — FoprSyllLe.
Therefore, |Gy — F1SyllLe = [1Gy — FoptSy Il This implies Fopy is also optimal.
O

4.B Proofs of the results in Section 4.9

Proof of Lemma 4.9.1. Let {bg, b1, - - -} be an orthonormal basis of Ker B. Also,
let {b, bll, .-} be an orthonormal basis of (Ker B)*. For all i € N, we have
Bb; = 0and Pb; =0 (as b; € Ker B) and A(I — P)bi- = 0 (as bj* € (Ker B)™).
Since {bg, b1, ---} U {bl, blL, -- - } forms an orthonormal basis of H, we have

1A= FBI%s = 1A= FBY 12 + 314 — FB)BE?
i i
=D IANDIIP + D I(AP = FB)b |
i i

= |Anl%s + IAP — FBl%

Finally, since A and B are Hilbert-Schmidt operators, therefore A(I — P), AP —
F B and A— F B are Hilbert-Schmidt operators (this can be proved easily using [47,
Thm 6.16]). O

Proof of Theorem 4.9.2. Since A is compact (as A is Hilbert-Schmidt), AP is also
compact, therefore SVD of A P exists [69]. Now, first it will be shown that the Fop
given in (4.21a) is a bounded operator iff W C Im B* @ (Im B*). Two situations
arise here: Im B is closed or not closed.

e Suppose Im B is closed.
Since Im B is closed, a bounded Bt : H; — (Ker B)l exists and BYB =
P [13, Proposition 2.3]. Boundedness of the operator Fqp follows from [47,
Exercise 6.11] and the fact that BYx € H for all x € H;.
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e Suppose Im B is not closed.

Note that B is a closed and dense operator because it is a bounded operator
on the domain H;. Since Im B is not closed, the pseudo-inverse B+ exists
but on domain D(B*1) = Im B @ (Im B)* [13, Definition 2.2]. This makes
B™ adense operator, hence this proves the existence of (BT)*. Also, Im B
is not closed, implies Im B* is not closed [67, §7.5], therefore (B*)* has
domain D((B*)*) = Im B* @ (Im B*)*.

Although B7 is unbounded for domain 7;, the boundedness of Fopt de-
pends upon e; as shown below. Using (BT)* = (B*)™ [21, thm 9.3.2], for
any x € H; we have

r—1 r—1
Fopx = D ai{x, (BY)"e;) fi = D _oi(x, (B ey) f:.
i=0 i=0
Now, if foralli € {0, --- ,r—1}, ¢; € Im B*®(Im B*)*, then || (B*)Te; || <
0o because the domain of (B*)* is Im B* @ (Im B*)*. Hence, by the
Pythagoras theorem and the Cauchy-Schwartz inequality

| FopexlI* 1
Iz fx)?

r—1
> olx, B ei) P
i=0

r—1

> afl(B) eil* < oo

i=0

IA

Hence, Fopy is a bounded operator on domain 7.

Now, let us assume Fqyp is a bounded operator on domain 7 but e, ¢
Im B* @ (Im B*)* for some n € {0, --- ,r — 1}. Let g, (x) := (x, (B*)+en)
for all x € Hj. Since o; # 0 and g;(x) = ai, (Fopex, fi), we have using
Cauchy-Schwartz

1 1
8 ()] < — [ Fopexll < — I Fopllllx I
Oi O

Now, boundedness of Fop implies Lg"l')(c—’ﬁ)l < al,»”FOPt” <ooViel0r—1].
Hence g, : H; — C is a bounded functional in the dual space of H;.
According to the Reisz-Frechet theorem [47, thm 4.31], this is only possible
when (B*)%e, is defined and belongs to ;. This implies e, € Im B* @
(Im B*)*, which is a contradiction. It means when e, ¢ Im B* @ (Im B*)*
for some n € {0, --- ,r — 1} then Fyy is not a bounded operator on domain

Hi.
Now it can be shown that Fypy is optimal also. For any x € H, we have

r—1

r—1
FoptBx = Zai (B+Bx, e,-) fi= Zai (Px,ei) fi
i =0

i=0
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r—1 r—1
=D oilx, Pe) fi=D oilx,e) f; (4.59)

which is the best rank-r approximation of A P. Clearly if r = rank AP, then AP —
F B = 0. Finally, the rank-r minimizing solution of problem ming ||AP — FB| ys
is also the solution of the problem ming ||[A — FB||gs (see (4.19)).

Since,
Optx—ZUl B X, Qel fi= Zal OB%x, el fi (4.60)
i=0
Note that
r—1
OBTx = Z(B+x, ei) e x € Hi
i=0

Now, the proof of boundedness of the operator Q B™ is similar to the proof of
boundedness of the operator Fop. U

Proof of Corollary 4.9.4. The rank-r minimizing solution of problem ming ||A —
FB| gs is also the solution of the problem ming ||AP — FB| s (see (4.19)).
Using (4.23) and (4.24), for any x € H, we have

r—1

Fopt Bx :Zaz X gn(z) Zaz x,e;) fi

i=0

which is the best rank-r approximation of AP. Since f; # 0, Fyp is a bounded
operator. O

Proof of Corollary 4.9.5. Using an SVD of AP given in (4.20) and SVD of Fop B
given in (4.59), we get

IAP — FopeBll%s =fo Z Z”

i>r ieNyp

= | AP35 — Il FoptBlls

for any r < rank AP. Also, we have ||A||§1S = IIANII%,S + ||AP||%1S which
follows from (4.19) when we take F' = 0. Again from (4.19),

IA — FopBll3s = 1AN 135 + IAP — FopBll3s
= AN I35 + 1APIZ s — | FoptBll3s
= | All%s — I FoptBll3s
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Proof of Lemma 4.9.6. An SVD (modulo ordering) of the operator Gy mapping
L2[0, k) to L?[0, h), at almost all @ is given by (see [31]).

Gvib = )" Gyljon) (0, &) &

ieZ

Using (4.25), for any w € L?[0, k) we have

M-
Z (]a)n+Mt< > (5n+Mi,ﬁk>l5k> En+Mi

keM,a;#£0

eZ n=0
Z Z Gy (le’l-‘er <en+Mi; lsn>* (w, ﬁn> én+Mi
eZ neM,a

W; (oon+mi)

Since (€nymi» Pn)t = — T we have
IV Gv(jw}1+Mi)l//*(jwﬂ+Mi) V- o
GPo=> > y (D, Pn) Entmi
i€Z

a
neM,a, #0 n

) Z G (]wn+Ml)Wy(|wn+Mt)

e

€n+Mi

= 2 W
neM,a, #0

= o (1D, lsn> én (4.61)
neM,a, #0

o
i€Z n

Since wy(t) € L? and G, € L2, we have a;, 0, < oo for almost all @, this
again impli_es qn € L2[0, h) for almost all . Note that still, for almost all 8
(qi»qr) = oli —k]. U

4.C Proofs of the results in Section 4.10

Throughout this section, we will use
Ay :=A(I = P), T, :=1—y 2AyA} Yy € (|An], o),

and || - || means the induced 2-norm of the operator.
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Proof of Lemma 4.10.2. Since (I — P)P = P(I — P) = 0, we have Ay(AP —
FB)* = A(I — P)((AP — FB)P)* = A(I — P)P(AP — FB)* =0 and (AP —
FB)AY, = (AN(AP — FB)*)* = 0. Therefore

IA—FB| <y < (A— FB)(A— FB)* < y?I
& (AN + AP — FB)(Ay + AP — FB)* < y°I
& ANyA% 4 (AP — FB)(AP — FB)* < y?I
Since operator Ay Ay and (AP — FB)(AP — FB)* are positive, we have
IA—FB| <y < (AP — FB)(AP — FB)" < y°T,

1

Here operator T, is positive (as [[Ay|| < y), therefore T}’ exists [47, Theorem

5.58]. Given y? > ||Ay||> = |AyA}ll, then the operator T, is invertible [47,
1

Theorem 4.40], which again implies 7,2 is invertible. Now,
IA—FB| <y
PN Ty_%(AP - FB)(T[%(AP — FB))* <921
&1 2 (AP - FB)| <y
O

Proof of Lemma 4.10.5. By Corollary 4.10.4 for a given i, the space V; is invari-
ant under operator AA*, hence P;AA*P; = AA* P;. Also, V; is invariant under
operator AP (AP)* because if x € V;, then

APAPY'x = D ol (x, fa) o= D, 07 (Pix, fu) fn

I’IENAP HENAP
2 2
= D or 5 Pify) fu=0l (5, i) fi
I’IENAP

where last equation follows from the Assumption A; which says f; L V; for
all j # i. Since the space V; is invariant under operator AA* and AP (AP)*,
this implies it is invariant under operator AyAy = AA* — AP(AP)*. Hence,
if y > ||An|, then V; is invariant under operator 7, and Ty_1 (using Neumann
series). 1

Note that (AP)* Ty_ 2 AP is a compact operator as A P is compact operator [47,

Theorem 6.3]. Hence an SVD of the operator (A P)*Ty_%AP exists [69, Eqn.
16.1]. First it will be shown that the eigenvectors of the operator (A P)* T},_1 AP
are in the set {¢; };eN , ,- To prove this, let us define y; := TV_1 fi where y; € V; (as
V; is invariant under Ty_l). Now considering,

T APei = 0T, fi = ovyi = oi((yi, fi) fi + f)
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where f- L fi. Since y; and f; belong to V;, f;* € V;. This implies f* L f;
alsoforany j #1i,as f; € Vl-l. This means,

(AP)T;'APe; = o (yi, fi) ei

This implies e; is an eigenvector of the operator (A P)* TV_1 AP. Now it can proved
by contradiction that the eigenvectors of (A P)* Ty_lAP with non-zero eigenvalues
are in the set {¢;};eN,,- Suppose there exist an eigenvector é ¢ span{e;};cn,, of
(A P)*Ty_lAP with non-zero eigenvalue. This implies ¢ € Im(A P)*Ty_lAP) =
(Ker(A P)*Ty_lAP)J- as (A P)*Ty_lAP is self-adjoint (Im means closure of im-
age) [47, Equation 6.8]). However,

(Ker(AP)*T; ' AP)" C (Ker AP)" = Span{e;}ien,,

as KerAP C Ker((AP)*Ty_lAP). This implies ¢ € span{e;};en,,, Which is a
contradiction.
Now as shown above the eigenvalues of the operator (A P)* Ty‘lAP are given

by 012 (i, fi) for alli € Nyp, but in terms of still unknown y;. The rest of proof
shows how to obtain y; for all i € Nyp, hence the eigenvalues of the operator
(AP)*T'AP.

Since the set {vjx}neN, , forms an orthonormal basis of the space V; and
fi, yi € V;, we can expand }‘, and y; as

fi= z CinVin, Vi = E binvin
n

n

where c;, := (fi, vin) and b;, := (yi, vin). Note that ¢;;, # 0 by the definition of
V;. Note that ¢,, £ 0 as (vi,, fi) # 0 (see Lemma 4.10.3).
Now,

fi=Tyyi=U -y 2ANAY) Py
= (1 —y2AATP 4y _ZAP(AP)*P,-) yi

=i — 777Dy (Yi> Vin) Vin + 7 7207 iy fi) fi (4.62)
n

It will now shown that y; = f; > cixlixvik satisfy (4.62) where (ix = (1 —
y2a2)"Vand B = (1 +y 262>, Icinl*¢in) ™" From (4.62), we have

Tyyi = ()’i — 772D o (i Vin) Uin) +7 7267 i i) fi
n
= (ﬂi > CinCintin =77 aiznﬂicin(invin) +7 7207 (yin i) fi
n n

= (ﬁi > cingin(1—y —Za,%l)vm) +7 7207 (yin i) fi
n
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=Bi D cinvin + Biy 20} (Z |cik IZCik) Ji
k

n

=Bifi + Biy o} (z |Cik|2{ik) fi
k
= pi (1 +77%07 ICiklzé“ik)fz’ = fi
k

This shows y; = f; D> clkg“lkvlk satisfy (4.62). Hence (y;, fi) = Bi 2., Icinl?Cin-
Thereforen (y) = a (yi» fi) = 0; ,6’, > cin|? Cin. Since for y > ||An|l, T,

is a positive operator and invertible, (A P) T, LA P is also a positive operator, this
implies eigenvalues of (A P)*Ty_lAP belongs to [0, c0). O

Proof of Lemma 4.10.6. First we calculate yr := ||A — FB| forall F € §. We
define iy = argmax; {aio};¢e. The first eigen vector of P;, AA* P;, is given by
vi-0. Since ir ¢ €, by Assumption Ay, v;,.0 L @;ce Vi and {fitice € Bjce Vi
therefore

(fi,vipo)=0 Viec

=(FB)*vi,0 = Y_ 0i(vip0, fi)ei =0

ie€
=II(A = FB)"vizoll = [IA* Pi,vipoll = @iro
=(A—=FB)'|l > ai,o = (A= FB)|l > aipo

This means yr > a;0.

_1
If ai.0 > ||An|l, then the singular values of the operator T{x,-F20 (AP — FB) are
given by the set {7; (a;.0)} ; ]%Q as AP — FB = Zi¢¢ai (x,e;) fi. For a given
ie

i ¢ €, wehave a;o > {ajo} > {azk}keNpiA’ hence

1
>0, Vig €&k e Np4

2 |folk |2 -
z 11:0 k
-1
1 .
= l-i——2 <1, Vi ¢ €&k € Np,4
22 f[”tkl !
IFO —af,
-1
= a_2+; o’ ., Vi ¢ €&k e N
ir0 a? > Ufi-o) 2 = %ipor Y FiA
l—a; Oak
11. 1

= ni(aip0) < aipo, Vi ¢ €
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Here, we used the assumption that ( fi,vi Fk) # 0 which follows from the construc-
_1
tion of V; in (4.32). The above inequality implies all singular value of Taiﬁo (AP -

_1
FB) are less than or equal to a; .o, hence ||Ta,-F20(AP — FB)|| < ajpo0if aj0 >
|An|l. Now, if a;.0 > ||[An], then by Lemma 4.10.2

_1
1T, (AP = FB)|l < ai0 = A= FBJ| < a0

Therefore we can say thatif a;.0 > |An||, then |A — FB| = a;,0.

Ifa;0 < [|An|l, choose any y. := ||An||4+€, where e > 0. Fora giveni ¢ C,
we have ye > ai0 > {aio} > {@ik}keN, ,- Similar to a;.0 > [|An|| case we can
show that,

1 (7e) < ye Vigd

Therefore, by Lemma 4.10.2

1

17y * (AP — FB)|| < ye = IlA = FBI| < ye

Since |[A — FB]| > ||An|, letting € — 0, we can say that |[A — FB| = || An]|l.
Combining all of the above, we can say that

7F = [lA = FB| = max(a;0, |[ANII)
Note that if F' # Fy, then ir € D,(6). Butif F = Fy, thenip = iy ¢ D,(S)
where io := argmax; {@0};¢p, (). Now it follows from definition of D, (&) that
max(a;p0, [An) < max(aizo0, |AN]) VF € F
Hence,
A — FoB| < ||A— FB] VF e§
O

Proof of Theorem 4.10.7. Lets define yr := ||A — FB||, yopt := mingcp, [|A —
FB| and Fop := argmingf, [|[A — FB|| where F, denote the space of bounded
operators of rank 7.

Notice that if Spanfe; };ep,(s) € Im B* @ (Im B*)*, Fy is bounded (See The-
orem 4.9.2 for the proof), so Fy € F, also. 1

First we show that the rank-r approximation of 7, 2AP for any y > ||An]|
belongs to the set § (defined in Lemma 4.10.6). By Lemma 4.10.5,if y > ||An||

1

then the SVD of Ty_z AP exist with singular values #; (y ) and right singular vec-
1
tors ¢; for all i € Nyp. Therefore, if y > ||Ay||, then T, > AP has a SVD of the

form

_1
T, >APx = Z My (7) (%, em;) zi xeH, zi €H

ieNyp
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where m; gives the re-ordering of in the summation such that the set {#,, (y)}iez
is in descending order. This implies

[SE

1 —
Ty ZAPeml. = Ty O-m,'fm,' = ’7m,~(7 )Zi

Now let us define an F' € § with € = {m;};—(o,... ,—1;. Then,

1 1
T, *FBx = or(BTBx,ei)T, * fi xeH
ke€
r—1

=" (%, em) ()i

i=0

1
which is indeed optimal rank-r approximation of T, *AP for any y > ||Ay]|l.

1
This shows that rank-r optimal approximation of Ty_zAP for any y > |An||
must belong to the set §.
Now let us consider the case yopr = ||An|l. We will show that in this case
A — FoBll = ||An|l, hence we can take Fope = Fp. Assume that yg := [|A —
FoB| > ||An|l. By Lemma 4.10.2, for any y € (||An|l, y0) we have

_1
Yopt = A — FoptB” <y = ||Ty (AP — FoptB)” <7.

_1 _1
This implies, for some F € §, [|T, *(AP — FB)| < |IT, *(AP — FopB)|| <y
_1
(due to an SVD of 7, 2 AP). This means for same F € 3§,

—1
IT, (AP — FB)| <y = |A-FB| <y
= ||A — FBJ < yo.

Butsince yr > yo for any F € § (see Lemma 4.10.6), this leads to a contradiction.

This implies yo # |An] i.e. yo = ||An||. Since Fy attains || A || (the lower bound

for ||A — FB| for all F' € IF,), therefore yopc = 7o and we can select Fopy = Fp.
Now let us consider the case when yopc > [|An||. By Lemma 4.10.2, we have

1
A — FoptB” < Yopt = ”Ty ((AP — FoptB)” < Yopt-

opt

_1 _1
This implies, for some F € §, | Ty (AP — FB)|| < [ Tyos (AP — FoptB) || < Yopt

opt opt

1
(due to an SVD of T, 2 A P). This means for same F € g,

opt

_1
1Ty (AP = FB)|| < yopt = A — FBIl < yopt-

opt

This means yr < yop but by definition yope < yF for same F € §. This implies
yF = Yopt > l|An|| for same F € §. Since we know that yo < yr forall F € §,
therefore yg = yop and we can select Fopy = Fp. O
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4.D Proofs of the results in Section 4.11

Proof of Lemma 4.11.1. The discrete lifted transform of signal w. for m € M, is
given by

we(@?; m) = Z W[ Mk + m]e™i%%

keZ
=D D Bl Mk +m — 1] 1)
keZ leZ
M—1
=D > > &Mk +m — Ml —i] da[M] + ile %
keZ i=0 leZ
M—1
=D D> D &Mk — 1) +m —i] wnlMI + ile
keZ i=0 leZ

M-1
Z Z golMk +m — ile™* D" o[ M1 4 ile™ "

l

S

gn(@?,m — i)wn(e?, i)

(=}

Using discrete key lifting formula defined in Corollary 4.5.5, ateach 8 € [—x, 7]
we have

M—-1M-1

e m) = 3 Gl YA D (&)
i=0 k=0
1 = = eja)/(h’ eja)kh/m = - ej@ ~eja)/(h’(—i)
=27 2 Ga@)e M S ibn(el”, i)
k=0 i=0
| Mol _
- Gn(ejwkh/)e]wkh/m (1D, &%)
M k=0
M—1
= D Ga(@") (n, &) éx(&”; m)
k=0

Note that G, € L implies the boundedness of all singular values of Gy, at almost
eachf € [—x, x]. O

Proof of Lemma 4.11.3.
Gpibs =[Sy  Gy] ths

M ¢y - A (aJoih'N 7 2 2
=V > (b, pr) e+ D Ga(@™") (i, &) €

keM ieM
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(< \/705kpk>+<lf)naGn(ejwkh/)*gk>)gk
keM

-Zi[E] s, )
= > #k<|:ulf)ni|,L|:_\/¥ak/ﬁk%i|>gk

k€M, 2 0 Hk Gn(eJalkh ) éx
Note that py x are mutually orthonormal. O

Proof of Lemma 4.11.4. Using (4.47) and

o ' [ vy Gormi) _
<[EI+MI},];n,k>:[O h T — k=1

0 k£l

for any s € L?[0, h) x CM we have

éAﬁBJ)s = ZGV(]CUZ) <}3B1I)s, [i;j|> éi

i€l
. o= lei |\ .
ZZGV(]wi) <ws, Pg |:O:|> e
i€Z
. . | . . .
S 6o <w 5 <[O]p>p>
i€’ keM, px#0
. . erami | o o o
:zzcvoaﬁwf)@s, 5 <[OM]p>p>M
i€eZ leM keM, ur#0
MG (lw1+M:)V/y(1wz+M, 5
:Z Z (ws’l’nl) el Mi
i€Z leM, u;#0
MG (.1601+Mz)l// (orymi) |
= Z ws:Pnl Z y l+Mt
[eM, u; #£0 i€Z
. M GyGorrmi) vy Gorrmi)
= > (ws:pn,l)Z\/ - e+ Mi
1eML, 11 #0 ieZ pLit
= > pi s, poa) @
leM, 11 #£0

Proof of Lemma 4.11.12. Since,

1Ga — Fn,optGB” = [GV - n,optSy - n,opth] Il
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> |Gy = FooptSyll = IGy = FopdSyl

where last inequality follows from the fact that Fopt is optimal over all F of rank

r. This implies ||Ga — Fn,optGBlIL> = |Gy — FoptSyllLe~.
To proof second part of the theorem, lets assume Fope and Fy opt are of full

rank M. This implies GyP — I:"OptS‘y =0and GaoPg — Fn,optGB = 0. Now
IGa = FaopGell = I [GyPs — FropSy Gall — Pa)] |l
=[0 GaUl — Pp)] Il = IGA(I — Pp)I|

Slmllarly, for full rank ]-'Opt, ||G - FoptS | = ||G - P)|| Since, for any rank
||GA Fn 0ptGBH > ||G — FoptS ||, then it must be true for full rank, this implies
IGAU = Pe)|| = 1Gy(I — P)|. O






Chapter 5

Relaxed causal sampling

5.1 Introduction

Figure 5.1: Sampled-data setup

In this chapter, we consider the problem of designing an optimal sampler S

given a hold H and a signal generator G := [QV gy]T (see Figure 5.1). A non-
causal sampler can be obtained by using the solution provided in [31]. Ignoring
causality is not a realistic scenario because most of the systems in practice are
causal or relaxed causal in nature. Relaxed causal systems loosely speaking are
systems whose present output depends not only on the present and the past inputs
but also on a limited set of future of the input (see Section 2.5 for precise definition
of relaxed causality). For example, assume that the input signal is stored in a com-
pact disk. In this case, we can design a relaxed causal system for signal processing
because some future inputs are available for processing. The maximum number
of future inputs available depends upon the data storage capability of the compact
disk. Live transmission of a marathon is another example. There we can allow a
delay of few milliseconds in transmission i.e. what we see really on the television
has happened few milliseconds in the past. We can design a relaxed causal system
for signal processing because the data in those milliseconds can be considered as
available future input. In summary, limited future inputs are sometimes available
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for signal processing. For this reason in this chapter we concentrate on the design
of relaxed-causal samplers instead of non-causal samplers, given causal hold H
and signal generator G.

Throughout this chapter, we assume that the signal generator G is known to
us. The dual problem of designing an optimal relaxed causal hold H given a
sampler is studied and solved by [40] and [29]. The design of an optimal causal
zero order hold H given an ideal sampler S (or vice-versa) is also well known
(see [37,38,43]). All of these papers use the lifting technique to achieve the goal
(see Chapter 2 for a review of lifting and lifting transforms). In this chapter we
study the problem of designing optimal stable (see Section 2.6) relaxed causal
samplers S given causal H and G. This problem is similar to a two-sided model
matching for LCTI systems (see [26]) but with the fundamental difference that
systems involved here are required to be linear A-time shift invariant. Lifting also
helps in obtaining a solution for this problem. We provide a frequency domain
solution as well as a ready to use state space solution using the machinery given
in [35]. This chapter is based on the papers [53] and [51].

The rest of the chapter is organized in three sections. In Section 5.2 we state our
problem more precisely and provide a (lifted) frequency domain abstract solution.
In Section 5.3, we review the fundamentals of the state-space for linear A-time shift
invariant systems. In Section 5.4 a state space solution is provided to the problem.

5.2 Problem formulation and solution

In this section we formulate the problem of designing relaxed causal samplers
given a hold and a model G := [gv gy]T. We also provide a (lifted) frequency
domain solution of this problem.

Recall that an analog signal y is causal if y(t) = 0Vt < 0, and for a given
[ € N, a sampler S is (relaxed) I-causal if its output y to any causal signal is
[-causal (i.e. y[n] =0Vn < —I).

Now, we state our problem more precisely:

Problem P4 : Given causal Gy and Gy, causal and stable hold 'H, and | € N,
find an l-causal and stable sampler S such that Ge := Gy — HSGy is stable and
Gell, 2 is minimized.

Intuitively, all the instabilities of G, must be contained in HSGy in order for Ge
to be stable. As H and S are stable, this implies that Gy and Gy must have the
same type of instabilities. Moreover, H must pass these instabilities. Therefore,
the presence of a hold H complicates the question of existence of a solution of Py4.
The complexity of Py is further increased as it is not immediately clear how the
[-causality constraint can be imposed on the sampler. Similar to [40], lifting (and
the lifted transform) can be used here to reduce some of these complexities. It is
shown in Section 2.6 that if a system is stable then it belongs to L® and if a system
is [-causal and stable then it belongs to z'H*. Also, nothing can be said about the
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space of causal Gy and Gy as they can be unstable. Therefore, problem Py in lifted
z-domain is:

Problem ’P5 Given GV and Gy are causal, HeH®andl e N, find SezH
such that Ge = GV - HSGy e L®NL? and ||Ge||L2 is minimized.

Remark 5.2.1. If there exists a solution of Problem Ps then Ge belongs to 7' H®
This because GV, Gy, H are causal and S is I-causal.

In order to solve Ps, we break it into two parts according to the norm of Ge:

1. Stabilization problem: find all § € z'H™ such that G := Gy — HSGy €
L.

2. Optimization problem: find an S e z/H* such that it solves the Stabilization
problem and ||Ge||; 2 is finite and minimized.

First, we consider the stabilization problem and after parameterizing all its so-
Iutions, we consider the optimization problem. For existence and parameterization
of all the solutions of the stabilization problem, we need the following assump-
tions:

Assumption A;: G, is rational, proper and causal.

Assul\npt\ion Aj3: There exists a Jactorization of H= I:Ii H, with inner I:Ii € H*®
(i.e. H™ H; = I), and bistable and bicausal H, € H®*>.

The factorization in Assumption A3 is an example of inner-outer factorization of
hold H (see [62, §6.3] for details). .

Assumption A, guarantees the existence of a coprime factorization of Gy over
H® (follows from [62, theorem 4.2.4], see also [4, chap. 2,8]). ]\7y and My are said
to be left coprime factors in H* of éy if Ny and My are in H*, éy = ]l;[y_ lﬁy,
and there exist Bezout factors X; € H® and ¥; € H® such that

A;Iy)v( 1+ Ny )v/l =1

To have nice mathematical properties, the holds considered in this chapter are left
invertible in L*°. Assumption .43 implies left invertibility and stability of the hold.
Assumption .43 also helps in obtaining and parameterizing all the solutions of the
stabilization problem as we will see later in this section.

Both of assumptions .4, and A3 are used in the following proposition which
states the condition of existence of solutions of the stabilization problem.

Proposition 5.2.2. Given H e H*, causal G and Gy, andl € N. If assumptions

Aj and A3 are satisfied, then there exists a sampler S € Z'H®™ such that G € L™
iff the following three conditions hold

1. Hﬁév e L™ where! My, :=1- I:IiI:IiN,

I'This condition is with the constraint that év is causal.
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. . . s - < 1T
2. there exists a coprime factorization over H® of G = [GV Gy] of the

form
VI Y
v 1 M, Ny
6=, MJ [zvy] oD

with My, Ny left coprime.
3. there exists a V € L™ such that My, := I-\IiwlljlV - VMy e Z/H™.
Proof. See Appendix 5.A (page 167). O

The above result can also be obtained by transforming the results of Kristalny
[26] to the sampled-data setting. Condition 1 in Proposition 5.2.2 says that if
an instability of év does not “’belong” to the space Im H then we cannot cancel
them by choice of S. Existence of a factorization of the form (5.1) in Condition 2
roughly speaking says that instabilities of G must be contained in Gy These two
conditions are sufficient and necessary to obtain a stable sampler S (e. Se L)
such that G. € L®. To obtain /-causal and stable sampler S (i.e. S €z HOO) we
need an extra condition that there exists a V e L such that Mh = H1 M, — VM
is in z/H* (Condition 3 in Proposition 5.2.2). There may exist several such V’s,
so let us define the subspace U := {V eL®: M, e H®°}. Now, we show that
for any two Vl, \}2 ey C L™, projLz\zsz(Vl - \}2) = 0. This is used later in
Proposition 5.2.4 to obtain a parameterization of all solutions of the stabilization
problem in a single parameter. Note that Visa sampler, therefore, if it is in L*°
then it is in L? by Lemma 2.4.6. Hence, it makes sense to use the projection of a
VeD.

Lemma 5.2.3. IfVl, V, € L™ are such that HiNZ\;IV — V,']\;Iy eH® (i =1,2)
then,

projLz\Z,Hz(Vl - V) =0.
where H;, M, and My are defined in Proposition 5.2.2.
Proof. See Appendix 5.A (page 168). U

Lemma 5.2.3 is utilized in the following result. The proof is similar to the
proof of [39, lemma 1].

Proposition 5.2.4. If all the conditions of Proposition 5.2.2 are satisfied, then all
samplers S € Z'H*® such that G, := Gy — HSGy € L™ can be parameterized in

parameter Sy € zZ/H® as
S = Hy (S, My — My) (5.2)
where Mh = I-\Iiwll;lv — VMy In this case

Ge = Gy + HiMpGy — H;iS, Ny (5.3)
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Proof. See Appendix 5.A (page 168). O

After solving the stabilization problem in Proposition 5.2.4, we can now con-
centrate on the optimization problem. For this, we need the following assumption:

Assumption Ay4: Z\V/y(ej(’)Ny(ejH)* > Oforallf € [—n, ]

Assumption A4 along with Assumption A, is essential to make ]Vy co-inner (i.e.

NyNy“ = [)in (5.1). Now, we provide a solution to the Problem Ps in the follow-
ing lemma:

Proposition 5.2.5. Ler assumptions Aj- Ay be satisfied. If the stabilization prob-
lem has a solution, then

. . .o < - o 1T
1. there exist a coprime factorization over H® of G := [GV Gy] of the form
(5.1) with co-inner Ny.

2. ée eL? iﬁ‘l’[l;lév e L? where? My :=1- ﬁiﬁiN.

In that case, there is a unique sampler that solves

Sopt i= arginf IGy — HSGyll;2 = Hy ' (Sa,optMy — M) (5.4)
Sez/H®
where
Sa.opt = Proj.ie (H NyNy” = V). (5.5)
Moreover,

1Geoptll?s := Gy = HSopGyll22 = Gy + HiMnGylIF2 — | Su.optllf
(5.6)

Proof. See Appendix 5.A (page 169). o

Note that H is a hold therefore we can never take H = [ , in other words we
will never have I1 5 = 0.

Our aim in the rest of this chapter is to apply the results of Section 5.2 to a
sampled-data setup where the signal generator and hold are given in state-space.

5.3 State-space of linear /-time shift invariant sys-
tems

In this section, we define state-space representation of linear /-time shift invariant
systems and list some of the properties that are useful in obtaining the optimal
relaxed causal sampler. State-space representation of LCTI systems is well-known
[71]. In order to understand the meaning of state-space for linear A-time shift
invariant systems consider an example of reset system.
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t=kh s Ga
x(kh)

Figure 5.2: Reset system G; of Example 5.3.1. Here at time
t = khVk € Z, the output y and internal states are reset to zero
irrespective of input u.

Example 5.3.1. Consider a linear h-time shift invariant reset system G5 shown in
Figure 5.2 whose output y is given by

t
y(t) = c/ A==k By (5)ds kh <t <kh+h
kh

where A, B and C are complex matrices and k € Z. At time t = kh, the output y
and internal states are reset to zero even if input u is non-zero.
Changing the variable t = kh + 7, we have

T
y(kh + 1) = c/ AT By (kh + 11)d1 te[0,h). (5.7)
0

We aim first to write a differential equation for the above. Using our state-space
knowledge, we can express y(kh + t) in (5.7) as the solution of

X(kh 4+ 7) = Ax(kh + t) + Bu(kh + 1), x(kh) =0

y(kh 4+ 1) = Cx(kh + 7).
The above differential-equations resemble state-space with the difference that here
states are allowed to jump at time instants kh. The condition x(kh) = 0 says that

whatever the value of x(kh™) is, x(kh) is always zero. Taking lifted z-transform
of x,u and y, we have

X(z; 1) = AX(z; 1) + Bii(z; 1), t € [0, h) (5.8a)
V(z; 1) = Cx(z; 1) (5.8b)

with (boundary) condition
X(z;0) =0. 5.9

The state-space equations (5.8) along with boundary condition (5.9) is an ex-
ample of state-space representation with two point boundary condition (STPBC)

2This condition is with the constraint that év is causal.
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[36,25,35]. Although boundary condition (5.9) consists of one point ¥(z; 0), in
general it is a relation between x(z; 0) and X(z; ™). Hence the name two point
boundary condition. This point will be more clear if we take another example of a
rational LCTI system.

Example 5.3.2. Consider a rational LCTI system G : L*(R, R") — L%*(R,R")
given in the state-space

x(t) = Ax(t) + Bu(?), teR (5.10a)
y(t) = Cx(t) + Du(t) (5.10b)

where A, B, C and D are real matrices. For a given k € N, the lifted states X[k](t)
satisfy the linear differential equation

X[k](r) = AX[k](z) + Bi[k](r) r € (0, h).

To obtain the initial condition X [k](0) for the (lifted) differential equation above we
have to use an extra condition which tell us about the jump at kh i.e. a relationship
between x[k](0) and X[k — 1]1(h™). In case of the system G is given by state-space
(5.10), then x(t) is continuous for inputs u € L* [57, chapter 9]. Hence, we have
the condition X[k](0) = X[k — 1](h™). Therefore, the system G in the lifted domain
is given by

X[kl(z) = AX[kI(z) + Bitlk](z) v € (0,h)
[k1(z) = CE[k](r) + Diilk](z)

with condition
X[k](0) = X[k — 1](h7).
Taking z-transform of the lifted X, we have

)%(z; t) = AX(z; t) + Bi(z; 1)
¥(z; 1) = Cx(z; 7) + Dii(z; )

with (boundary) condition
o I, _
X(z;0) = ;x(z; hT)

Example 5.3.2 shows that a rational LCTI system G is also an example of
state-space with two point boundary condition (STPBC).

As described in examples 5.3.1 and 5.3.2, we allow states to jump at time
instants kh, k € Z. These jumps allow us to write not only LCTI systems but also
a much more bigger class of system. Later on we show that STPBC can be written
for holds and samplers also.
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5.3.1 State-space with two point boundary condition (STPBC)

Mirkin introduced STPBC for lifted systems in [36] using the earlier work of
Krener [25], and Gohberg and Kaashoek [18]. In this section, we define STPBC
and summarize some of its properties. This section is for reference purpose only.

We consider in this section a system G mapping u € L?[0, h) to y € L?[0, h)
defined by the linear differential equations as

x(t) = Ax(z) + B(r)u(r) (5.11a)
y(t) = C(¢)x(r) + Du(r) (5.11b)

with boundary condition
Qx(0)+Tx(h™) =0

where 7 € [0, h). Here for integers k, m and n, A, Q, Y e C"*", D e Ck*m,
B € L?([0, h), C"™*™) and C e L>([0, h), Ck*"). The above representation of
systems is known as state-space with two point boundary condition (STPBC). D
is known as direct feed-through term of the STPBC representation of the system G
(or in short direct feed-through term of the system G).

The system G given by (5.11) is represented by the following notation in this
thesis

yz[{%%;hg T]u (5.12)

The usefulness of the STPBC representation is already established in the [36, 35,
40,29].

These linear differential equations are defined well-posed if the output y is
uniquely determined by the input u [25, 18]. It is shown in [25, 18] that well-
posedness is equivalent to invertibility of the matrix

Eg 1= Q+ Te
A condition for invertibility of =g is stated in the following corollary.

Corollary 5.3.3. A necessary (but not sufficient) condition for invertibility of ma-
trix g == Q + YeAr is that [Q T] has full row rank.

If (5.11) is well posed then the output y is given by

h
y(r) = Du(r) —|—/0 Kg(r,0)u(o)do (5.13)

where

cummaggmew) if0<o <z<h

5.14
—chmagrwwﬂumﬂ if0<z<o<h (5.14)

Kg(r,o0) = [
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Alternatively, the output y(z) can be written as
h
y(r) =Du(r) — C(r)/ A=) B(o)u(s) do
T
h
+ C(r)e?" 5519/ e 47 B(o)u(o) do (5.15a)
0
T
=Du(zr) + C(r)/ e B(o)u(o) do
0
h
— C(r)e?" E;lT/ A=) B(o)u(o) do. (5.15b)
0

The y(z) given in (5.15) is sometimes more useful than y(z) given in (5.13). The
proof of (5.15) is given in Appendix 5.B (page 170).

We say that two STPBCs G| and G, are equivalent if for the same input, the
output of both systems are equal in L? sense. In other words, the systems G; and
G, given by

A; | B;
G = [—’—} (5.16)
C; | D; [Qi Ti]

where i = {1, 2}, are equivalent iff D1 = D, and K¢, (r,0) = Kg,(7,0). The
following corollary is immediate from the (5.13).

Corollary 5.3.4. Suppose that the system G given by STPBC (5.12) is well posed.
Define G| with STPBC

9= [%’%} [sQ sT]

where S is a real matrix. If S is an invertible matrix then
Gg=G

Proof. As feed-trough matrix D is same, G = G iff Kg(r,0) = Kg, (7, o). This
follows from the fact that

C(r)eAfaglne-A”B(a) = C(1)e" (S2g) 7' SQe 7 B(0)
—C(0)e Eg' re ") B = —C(1)e" (S2g) ' ST ") B (o)

Now we list some basic operations in terms of STPBC [36]:

Lemma 5.3.5. Let G and G; for i = {1, 2} be given by STPBC (5.12) and (5.16)
respectively. If G and G; are well-posed, then
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1. Similarity transformation

=g

TAT ' | TB
cr-!' | D

}pgr—l SYT!]

2. Parallel interconnection

A O B
Gi+G=| 0 A By

Ci | Dy + D, Q 0 Ty O
0 O 0 M

3. Series interconnection

Ay B1Cy | BiD;
GiGo=1| 0 A B>

Ci Dy ‘ D1 D, Q 0 T 0
0 O 0 T

All of these system are well-posed as well.

Proof. See [36]. O

Lemma 5.3.6. Suppose that the system G : L*[0, h) — L?[0, h) given by STPBC
(5.12) is well posed. The adjoint system of G is given by
—A* | C*
o =[]
—-B* | D* * *
ReaNe

where Y and Qg are such that QY,; = YQu and [?d} has maximal column
d

rank.

Proof. See Appendix 5.B (page 171). U

5.3.2 Systems in STPBC

In this section, we present STPBCs of different linear i-time shift invariant sys-
tems including LCTI systems, holds and samplers. Just like the state-space does
not represent all LCTI systems, STPBCs do not represent all linear i-time shift
invariant systems. However, it represents a fairly large class of systems including
rational LCTT systems. With some modification, STPBCs can be used to represent
holds and samplers also. A generic linear h-time shift invariant system y = Gu
mapping L*(R) to L2(R) that can be represented by STPBC is given by

() =GRiiz): () = [%’%} [Q( . )] i(z), (5.17)
z z
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in lifted z-domain. Here for integers k, m andn, A € C"*", B € LZ([O, h), C>my,
C e L?([0, h), Ck*™), D € CF*™ and Q(z) and Y (z) are square discrete transfer
matrices. D is known as direct feed-through term of the STPBC representation of
system G (or in short, direct feed- -through term of the system G). The STPBC of
G is well posed [35] if

det(Q(z) + Y(z)e*") # 0.

Those values of z € C for which the above does not hold are called poles of
the representation. Using (5.15), poles of G(z) depend upon the factor (Q(z) +
Y (2)eA") ™17 (z) or (Q(z) + Y(2)e*")~'Q(z). Therefore, the common roots of
Q(z) and Y (z) are the poles of the representation but not the poles of system
G. Therefore, in STPBC representation, common roots of Q(z) and Y (z) can be
removed without any loss of generality. Region of convergence do play a role in
case of STPBC. For example, if our system G is causal and stable then all poles of
the STPBC é(z) must lie with in the unit disc D.

Rational LCTI system in STPBC

We start with an STPBC of a rational LCTI system.

Lemma 5.3.7. Assume an LCTI system G : L> — L? is given in state-space
x(t) = Ax(t) + Bu(r)
y(t) = Cx(t) + Du(t).

where A, B, C and D are constant matrices. Then transfer function é(z) of the
lifted system G can be written as

- A| B
G(Z):[T’T}[Zl —I] (5.18)

Proof. See Example 5.3.2. O

STPBC for Holds

A hold is a system which converts a discrete signal i : Z — C"# back to an analog
signal u : R — C"«. Here n; and n, are positive integers. If the hold is linear and
h-time shift invariant then it is given by

u="Hu: u(t):ZqS(t—nh—a)L_t[n], teR
nez

where ¢ € (0, h) and ¢ (¢t — o) is the hold function. The hold given above can
be viewed as a cascade of a modulated impulse train and an i-time shift invariant
system G with kernel g (¢, s) such that g(¢, nh + o) = ¢(t — nh — o) because

u(t) = / g(t, s)Z&(s —nh —o)u[nlds = Zg(t nh + o)uln].

nez nez
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We assume that linear 4-time shift invariant system G has a well-posed STPBC
representation in lifted z-domain as

- A|B
G( =[+} (5.19)
9= [cTo @) T

Here for integers k,m and n, A € C"*", D € Ck*m_ B e C2([0, h), C"*m)
(space of continuous functions in L2([0, k), C"*™)), C € L*([0, k), Ck*"), and
Q(z) and Y (z) are square discrete transfer matrices. Note that we assumed that B
is continuous. The feed trough term D is assumed O in (5.19) so that we have a
stable hold [57, chapter 9].

Using G(z) given in (5.19), the hold H in the lifted z-domain is given by
(see [35,36] also)

HGz) =G()JI, (5.20)
where the impulse operator J, is defined as
Ton:=0(t —o)y neC" r,0 €(0,h) (5.21)

The function §(7) has a meaning only in the sense of the integral

h
g(o) :/0 g(t)o(r —o)dr, o €(0,h).

Here we always assume that g(7) is a continuous function on (0, &) to avoid math-
ematical subtleties. This assumption is satisfied in case of hold H given in (5.20)
because here e B(o) (see (5.15)) is assumed continuous.

For any g € C2(0, h) (space of continuous functions in L2((0, k), C")), we
have

h
(T Dcron = /0 2(0)(z — o)y dr

=g(a)"n
where sampling operator J is defined as
Jrg:=g(o) g € C*(0, h). (5.22)

As long as g is continuous we can treat 7 as the adjoint of J, and vice-versa.
For a detailed discussion on the operators 7 see [36]. The operator [ helps in
writing an STPBC for samplers.

Using (5.15), the output ii(z) = H(z)i(z) is given by

iz 7) = C@e" (Lo (r = 0) = (QE) + T ™1 (@) B@)i()
(5.23)

where B(c) € C"*™ is the value of B evaluated at the given o.
Let us consider few examples now.
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Example 5.3.8. Suppose the hold H is a cascade of a modulated impulse train
and a causal rational LCTI system G given in state-space as

o= [ete]

where A, B and C are constant complex matrices. Now, the STPBC of é(z) can
be obtained by (5.18). Therefore, H in lifted z-domain is given by

N A|B
e = [T’T} [Zl —I] o

Now, we consider the generalized zero order hold discussed in [40].

Example 5.3.9. A generalized zero order hold H, : C" — L? is a hold whose
hold function has support on [0, h). Here we consider an example of generalized
zero order hold H, given by (see [57, chapter 10])

%(kh + 1) = Ax(kh + 7) + Bii[k], ke Z,t € [0, h) (5.242)
y(kh + 1) = Cx(kh + 1) (5.24b)

with boundary condition
0 = x(kh) (5.25)

where A, B, and C are constant complex matrices.
Solving (5.24) with boundary condition (5.25), we have

y(kh + 7) = Ce" Bii[k], keZ
Taking z-transform we have,
¥(z; 7) = Ce Bii(z)
with boundary condition
x(z;0)=0

The STPBC of the generalized zero order hold H, : C* — L? given by (5.24)
with boundary condition (5.25) in lifted z-domain is given by

N A|B
H,(z) = [T’T} [I 0} Jo

The ideal zero order hold is a special case of generalized zero order hold dis-
cussed in Example 5.3.9.
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Example 5.3.10. A ideal zero order hold Hi, : C" — L? is a hold whose hold
Sfunction is the rectangular pulse Lo ;) (t). The ideal zero order hold Hi, is a
special case of the generalized hold given by (5.24) i.e

y=Hiu : ykh+1)=ulk]
with boundary condition
0 = x(kh)

Therefore, the ideal zero order hold H;, in the lifted z-domain is given by

o =41 ] 0 g

STPBC for samplers

A sampler S is a system that maps an analog signal y : R — C™ to a discrete
signal y : Z — C"7. Here ny and ny are positive integers. If the sampler is linear
and A-time shift invariant then it is given by

o
=Syi = [ e+ -9y ds
—00
where o € (0, k) and w (t — o) is the sampling function. The sampler given above
can be viewed as a cascade of an A-time shift invariant system G with kernel g(z, s)
such that g(nh + o, s) = w(nh + o — s) and an ideal sampler sampling at every
nh + o time instants because

ylnl =/ gnh +o,s)y(s)ds.

We assume that the linear A-time shift invariant system G has a well-posed STPBC
representation in lifted z-domain as

- A | B
ou-[241]
STl o re)

Here for integers k,m and n, A € C"*"* D e C™ B e L*([0, h), C"™*™),
C e C2([0, h), Ck*m), and Q(z) and Y (z) are square discrete transfer matrices.
Note that we assumed that C is continuous.

Using G(z) given in (5.26), the sampler S in the lifted z-domain is given by
(see [35,36] also)

Siz) = TrG(2), o e (0, h)

where J is defined in (5.22).
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We know that 7} g(7) has a meaning only if g(z) is continuous in (0, /). This
condition is satisfied in case of sampler S because here C (7)eA” (see (5.15)) is
assumed continuous.

It is not necessary that the feed-through term (i.e. D) for sampler in (5.26) is
zero. However, if D # 0 then the domain of sampler must be restricted to have a
proper meaning of the sampling operator 7. Then, for a given z and ¢ € (0, h),

S‘(z)ﬁ(z) =J; [%‘%} [Q T} u(z), u(z)e L%(0, h) & continuous

is well-defined. Here domain is restricted to continuous inputs only.
Let us consider few examples now. First, we take an example of ideal non-
causal sampling.

Example 5.3.11. The ideal non-causal sampler Siq is defined as
y=38au : ylk]l=u(kh™)

where u(kh + t) is continuous in (0, h) for each k € Z. Taking lifted z-transform
of y and u, we have

¥(z) = i(z; 01) = Jii(z; 7)
Hence, the ideal non-causal sampler in the lifted z-domain is given by
Sia(@) = Jg-
Now, we consider a cascade of an LCTI system with ideal non-causal sampler.

Example 5.3.12. Given a sampler S which is a cascade of a causal rational LCTI
system G given by state-space

o= et

and the ideal non-causal sampler sampling with sampling period h. Here A, B
and C are constant complex matrices. Now, the STPBC of G(z) can be obtained
by (5.18). Therefore, it can be shown that S in lifted z-domain is given by

. T A|B
@ =% [T'T}[zl -1]

Now, we take an example of ideal causal sampling.

Example 5.3.13. The ideal causal sampler Siq) is defined as

y=S8au : ylkl=ukh™)
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assuming u(kh + 1) is continuous in (0, h) for each k € 7Z. Taking lifted z-
transform of 'y and u, we have

_ . _ 1. _ 1 ..
y(z) =u(z;07) = ;M(z; h™) = Zjh'u(Z; 7)
Hence, the ideal causal sampler in the lifted z-domain is given by
. I _,
Siai(z) = ;jh-

Conjugate of the system given in STPBC

The conjugate of the system G(z) is defined as CU;N(ZV) = [G(™")]" [35]. By
using Lemma 5.3.6, it can be shown that conjugate G~ (z) of the system G(z)
given in (5.17) has STPBC (see [35] for details)

‘o —A* | C*
G (z)=[_B* D

where Q;(z) and Y4(z) are any square discrete transfer matrices satisfying

(5.27)
}[T;;(z) Q; ()]

Q(2)Yu(z) = T(2)Qa(z)

Qq(z2)
Ya(z)

It is clear from (5.15) that as long as a system G has zero feed through term D,
its output is continuous for a L? input. This fact is used in the following Lemma
which is useful in obtaining conjugates of samplers and holds.

and such that |: i| has full normal rank.

Lemma 5.3.14. Assume that for integers k,m and n, A,Q, Y € C"*", D €
Ck*m B e L%([0, h), C"™™) and C € L?([0, h), CK*™). Let system G be given
by STPBC

[

Now, for a given ¢ € (0, h),
1. If B is continuous then (GJ,)* = J;G".
2. If C is continuous then (J}G)* = G* 5.
Proof. See [36]. O

Using above Lemma 5.3.14, we obtain the conjugates of samplers and holds.

Corollary 5.3.15. Givena o € (0, h).
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1. Let system G is given by STPBC (5.19) with B continuous and hold H =
GJs. Then, the conjugate H™ of hold H is given by H™ = J}G™

2. Let system G is given by STPBC (5.26) with C continuous and sampler
S = J*G Then, the conjugate S~ of sampler S is given by §~=G~J,.

Proof. Follows from Lemma 5.3.14. O

5.3.3 Stability and causality of systems given in STPBC

In this section, we describe the stability and causality condition of a system given
in STPBC.

It is explained in Section 2.6 that if a system is stable and causal then the
system is in H*. We start with a simple case. Consider a linear h-time shift
invariant analog system 7 whose lifted impulse response system T[] is zero at
all k € Z except at k = 0. The kernel of 710] can be a complicated function of
time and may render a non-L?(R) output of the system 7 to a L>(R) input (i.e. the
system may not be in L°). Therefore, the stability of such a system is not trivial
and depends upon the kernel of 710]. The following result helps in identifying
the stability of all analog systems 7 whose lifted impulse response system TTk]is
zero at all k € Z exceptat k = 0.

Lemma 5.3.16. Let g € L?[0, h) x L?[0, h) and 0 < C < oo. Let a linear h-time
shift invariant system T defined in lifted z-domain by

h
f=Tu: f&nﬁiégumm&mmm 7 € [0, h)

where

h
ess sup lg(z,0)|de < C
re[0,h) JO

h
esssup/ lg(z,0)|dT < C.
oel0,h) JO

Now, we have that T belongs to H*.
Proof. See Appendix 5.B (page 173). O

The condition for stability and causality of an analog system given in STPBC
is described in the following lemma.

Lemma 5.3.17. For integers k,m and n, let A € C"*", D € (Ckx”f, B e
C2([0, h), C™™) and C € C*([0, h), Ck*"). Then, there exists matrices B and C
that satisfy

h
BB* = / A=) B(g)B(c) e ") dg, (5.29a)
0
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h
c*C ;=/ N TC* (1)C(1)e?" dx. (5.29b)
0

Let G be a system with STPBC

- A|B
G( =[+} (5.30)
=T Q) T@©)]

where Q(2) and Y (z) are square discrete transfer matrices. Then,

G e H® & Y e H®
where Y is a discrete system with

Y(z) = C(QRE) + TEe™™ 1B (5.31)
Proof. See Appendix 5.B (page 174). O

Similar to Lemma 5.3.17, the condition for stability and causality of holds and
samplers can be stated.

Lemma 5.3.18. Let A, D, B, C, Q(z) and Y (z) be as in Lemma 5.3.17. Let
matrices B and C be such that they satisfy (5.29a) and (5.29b) respectively. Now,

1. ifa hold H is given by STPBC

. A | B
H(z) = [+} A (5.32)
Tl e r)

for some fixed r € (0, h), then
H e H® < Yy e H®
where Yy is a discrete system with

Yr(2) = C(Q[) + Y(2)e" ™ 'Qz)e™ B(r) (5.33)

2. if a sampler Sis given by STPBC

‘ A|B
$@) =T [Jﬁ] (5.34)
! Cl0llaw re)

for some fixed r € (0, h), then
S eH® < YgeH™®
where Ys is a discrete system with

Ys(z) = C(ne (Q(z) + T(2)e*") ™' T (2) B (5.35)
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Proof. Similar to the proof Lemma 5.3.17. O

Remark 5.3.19. Lemmas 5.3.16, 5.3.17 and 5.3.18 hold even if H® is replaced
by L®°. This will help in the cases where we are only interested in stability.

We can write a state space representation of the discrete system Y in (5.31)
more easily if Q(z) = z/ and Y(z) = =Y € C"*". In this case, we can apply
our knowledge about state-space representation. The same can be said for discrete
systems Y in (5.33) and Y in (5.35).

Corollary 5.3.20. IfQ(z) = zI and Y(z) = =Y € C"*" in Lemma 5.3.17 and
Lemma 5.3.18 then the system G given in (5.30), the hold H given by (5.32) and
the sampler S (5.34) are in H® if YeA" is Schur (i.e. having eigenvalues in D).

Proof. The proof follows from Lemma 5.3.17 and Lemma 5.3.18. |

5.3.4 H? norm of systems given in STPBC

This section is devoted to the H> norm of systems that are represented as STPBC.
Similar to Section 5.3.3, we start with static systems.

Lemma 5.3.21. Ler g € L2[0, h) x L2[0, h). If an operator T : L*(R) — L%*(R)
is given in lifted z-domain by

h
Fofi: feo= / ¢(z, )iz 0)do, T € [0, h)
0

then T € H2.

Proof. Since T belongs to L? (see [67, section 7.3] for a proof) and it is causal
(see Lemma 2.5.8), we have that 7 e H2. O

It is well known that if the direct feed through term of an analog system given
in state-space is not zero, then that system does not have a finite H? norm. The
same can be said about systems represented by STPBC.

Lemma 5.3.22. Let Gisa system with STPBC given by (5.30). Now, if D # 0
then G ¢ L.

Proof. The proof follows from the fact that constant multiplicative operators map-
ping L2[0, h) to L2[0, h) are not compact (hence not Hilbert-Schmidt). O

A result similar to Lemma 5.3.17 and Lemma 5.3.18 can be stated for the H?
norm of the systems. However, most of the systems given in this thesis are in H*
and for such systems we have the following simple result.
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Lemma 5.3.23. Let A, B, C, Q(z) and Y (2) as in Lemma 5.3.17. Let a system G
in STPBC is given by

- A|B
G(2) =
© [C 0 ][Q(z) ~Y@)]

Then G € H® implies G € H2.

Proof. Using (5.15), we have that

G=X-Y
where

X(2)ii(z) := C(1) /T e~ B(g)ii(c) do, 1 €0, h)
0
h
Y (2)ii(z) := C(1)e? " (Q2) + T(2)e) ™7 (2) / eA=9) B(s)ii(0) do.
0

Since e~ 1(r — ¢) € L2[0, h) x L2[0, k) and bounded, it follows that X €
H*® N H? by lemmas 5.3.16 and 5.3.21. Since Y(z)isa hybrid signal processor
(i.e. a cascade of sampler, discrete system and a hold), we have that rank f(eja)
is uniformly bounded for all § € [—=, 7]. Therefore if Y in H®™, it is in H2 (see
Lemma 2.4.6). O

Remark 5.3.24. Lemma 5.3.23 holds even if H® and H? are replaced by L™ and
L? respectively.

As shown in the above lemma, we check that the systems are in H? or not
without worrying much about Q(z) and Y (z). However the calculation of the H?
norm depends upon the actual value of (z) and Y'(z). Therefore, in this section
we calculate the H> norm of systems that have Q(z) = z/ and Y(z) = =Y €
C™*". Most of the systems discussed later in this chapter have these boundary
conditions. These systems are such that their H> norm is equal to the H> norm of
a discrete system.

Lemma 5.3.25. For integers k,m and n, let A, T € C"*", B € C2([0, ), Crxm)
and C € C*([0, h), C**"). Let matrices B and C be such that they satisfy (5.29a)
and (5.29b) respectively. Let G be a causal system with STPBC given by

v Al| B
¢ = [ﬂ%} 1 -] 430

If G € H? then the squared H? norm of G equals

A2 _1 N2 vi2
1G I = 5 1DU3s + 17117 (5.37)
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where D : L2[0, h) — L2[0, h) is given by
h
y=Di: ¥(1) :/ C(1)e* ") B(o)1(r — 0)ii(c)do (5.38)
0

and Y is a discrete system with
Y(z) = C(zl — Y™ rB

The squared Hilbert-Schmidt norm of Dis given by

h h
HEH%IS = tr/ / C(1)e*=) B(g)B(c)*e* =) C*(1)1(r — 0)dodr
0o Jo
(5.39)

Proof. See Appendix 5.B (page 175). O

In a similar way, we can state the following result about H> norm of holds and
samplers.

Lemma 5.3.26. Let A, B, C and Y as in Lemma 5.3.25. Let matrices B and C
are such that they satisfy (5.29a) and (5.29b) respectively. Now,

1. if a causal hold H is given by STPBC

. A|B
H(Z)Z[T’T}[zl —T]j(y

IH e = 1Yl

then

where Yy is a discrete system with

Yu(z) = C(zl — YeA)~1B(0™)

2. if a causal sampler Sis given by STPBC

. .TA|lB
= [T’T}[zl ]

ISz = 1Yl

then

where Ys is a discrete system with

Ys(z) = C(0)(zI — Yer™~ITB
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Proof. The proof is similar to the proof Lemma 5.3.25. We also used
IC I = Ye'™)TIBON) e = €@l = 1™ @D BO)lyp
in the proof. U

Remark 5.3.27. The adjoint of an anti-causal system is causal, therefore L* norm
of the anti-causal system can be calculated by using lemmas 5.3.25 and 5.3.26.

To calculate the H? norm of a discrete system the following standard result is
very useful.

Lemma 5.3.28. Let a causal discrete system G be given by state space

o~ (24

where A, B, C and D are constant matrices. If A is Schur then

IGII, = %(tr (DD*) +tr (C*CW,)) = %(tr(DD*) + tr (W, BB*))

where
W, =AW.A* 4+ BB*, W, =A"WA+C*C
Proof. Standard. O

Note that the standard H? norm of a discrete system given in [71] is a scaled
version of H? norm defined in Section 2.4.3.

5.3.5 Computations

Integrals given in (5.29) and (5.39) seems very tedious to evaluate. However if B
and C are constant then these integral can be calculated using matrix exponentials
[28,3,36].

Lemma 5.3.29. If A is a square constant matrix, and B and C are constant ma-
trices of appropriate dimensions then

h
/ e BB*e? Sds = I'i;(A, B)T23(A, B)
0
h t .
/ / e BB*e" dsdt = T'5(A, B)T13(A, B)
0 0

h
/ e C*CeMds = A (A, C)A1a(A, C)
0
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where
I'i(A,B) T'ia(A,B) T'13(A, B)
I'(A,B) = 0 I'»n(A,B) Tx3(A,B)
0 0 I'33(A, B)
—A 1 0
= exp 0 —A BB*|h
0 0 A*
and

. A11(A,C) App(A,0) . —A* C*C
e[ el

Proof. The proof is given in [3]. O

Other STPBC results

This section contains some lemmas which are useful in this chapter. Most of the
results are from [36,35] given here for reference purpose.

The following lemma explains the different methods of writing discrete sys-
tems mapping from ¢2 to £% in STPBC.

Lemma 5.3.30. Given a well-posed system G with STPBC (5.28). Assume that B
and C are continuous in (5.28). Then

1. JrGJp = C(h™)er(Q + e ~lQB(0h)
2. J3.GTn = —CONHQ+ Ye™)y™ITB(h™)
In addition, if C(0T)B(0T) = 0, then
3. J3.GTo = C(OT)(Q+ Ye")~IQB(0T)
and if C(h~)B(h™) = 0, then
4. TEGThw = —C(h)er(Q + eI T B(h7)
Proof. Follows from (5.15). See [36] for detail. O

The following lemma explains how to write the impulse input system as a
system without impulse input.

Lemma 5.3.31. The well-posed system mapping [l;]] € L*[0,h) x R" 1o y; €
L?[0, ) given by STPBC

x| = Axy + Bu+ ByJo+n, Qx1(0) +Yx1(h7) =0

yi=Cx;
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is equivalent (i.e. for same inputs u and 3, y1 = y» in Lebesgue sense) to system

X2 = Axa + Bu, Q(x2(0) — Byip) + Yx2(h™) =0
y2 = Cx».

Proof. See [35, Proposition A.2]. O

We can also represent a hybrid signal processor (i.e. a cascade of a sampler
and a hold) in STPBC. The following lemma essentially from [36] helps here.

Lemma 5.3.32. Given

gi 1=[ A B

:| Ay | By
Ci| O [Ql Tl]

t7)~1 5 g2 = \7;2 |: ]

2|0 [Qz Tz]
where 4;,i = 1,2 be either 0T or h™, A;, Q;, Y are square matrices, and B; and
C; are matrix valued functions in C*([0, h)) of appropriate dimensions then the
STPBC of system Gy := G17J;, 77,92 is given by

(1—/12)M1} [Tl 12M1:H
Q> 0 )

where M1 = (/IlTl — (1 — /11)91)31C2.
Proof. See [36, lemma 3]. O

5.4 STPBC solution

In this section we apply the results of Section 5.2 to a sampled-data setup where
the signal generator and hold are given in state-space with two-point boundary
condition (STPBC). We assume that signal generator G is causal and in Laplace
domain is given by,

Gy(s)

G(s) = |:Gy(s)

}: D+C(sI —A)'B (5.40)

where C := gv and D := |: DO i| This is a LCTI system therefore the STPBC
y

of G in lifted z-domain is given by (see Lemma 5.3.7):

. Al B
G(z) = [QV(Z)} =|7C, |0 (5.41)
Gy(@) Cy | Dy

[zl —I]
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The reason of zero direct feed-through term of Gy is explained in Remark 5.4.1.
Without loss of generality, we assume that A = diag{A;, A,}, where A has all
its eigenvalues in C™ := {z € C : real(z) < 0} and A, has all its eigenvalues in
C\C™. Alsolet C, := [Cys  Cyu] be the partition of C, according to Ay and A,.
Therefore

A
0 A, B
CZ)S CZ)M ’0

D I 1]

Note that systems Gy and Gy are causal (but not necessarily stable) by assump-
tion. However, to obtain an optimal sampler described in Proposition 5.2.5, in
addition to causality, we need that Gy must be rational and proper (Assumption
Aj). Since Gy is represented in state-space, it is rational and proper. Also, we

G(z) = (5.42)

need that there exists a left coprime-factorization of G of the form (5.1). To this
end, we need the following assumption.

Assumption As: (Cy, A) is observable and (A, B) is controllable.

Later it will be explained in Section 5.4.1 that A5 allows the existence of a co-
prime factorization, and assumptlons A4 and As allow the existence of a coprime
factorization G = M N with N co-inner.

Also, we consider hold H with STPBC given by [35]:

Se~n._ | An | Bu
H(z) .—|: Ch 0 ][Z] _E}j(y (5.43)

where impulse operator Jy- defined in (5.21) is needed to perform the discrete to
analog domain conversion. The holds given by STPBC (5.43) can represent a large
class of stable holds with infinite or finite impulse response. For example the ideal
zero order hold I-\IiZ can be obtained by setting / = Cy = By and0 = Ay = E
We also assume the following about H:

Assumption Ag: Ee?#" is a Schur matrix,
Assumption A7: By has full column rank.

Assumption Ag: (Cy, Ay) is observable.

EeA#" is a Schur matrix is just a restatement of the fact that H e H* (see Corol-
lary 5.3.20). Assumption A allow us to obtain an right coprime factorization of
H and assumptions Ag-.Ag allow us to obtain an inner-outer factorization of H.

This is explained in Section 5.4.3.

Remark 5.4.1. If the direct feed-through term of Gy is not zero in (5.41) then
STPBC of (I — HiH")Gy will have a non-zero direct feed-through term. This im-

plies (I — Hi FI;)GV ¢ L2 (see Lemma 5.3.22). Therefore the solution of Problem
‘Ps does not exists (see Proposition 5.2.5). Hence, the direct feed-through term of
Gy is chosen zero in (5.41).
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5.4.1 Left coprime-factorization of G

The following lemma describes the left coprime-factorization over H* of G which
is required in Proposition 5.2.5.

Lemma 5.4.2. Let [gv have STPBC given in (5.41). If Assumption As is satis-
yd
Jfied then there exists an L such that A + LCy is Hurwitz. In that case
o ool
Gy I M, Ny
.| = - - 5.44
&l-0 w] %] a4
for
VR A+LCy| L B+ LDy
[%V %Vi| = Cy 0 0 (5.45)
y ¥ Z,Cy Zy ZyD,

[zl -1 ]

where Zy is any invertible complex matrix. In this case, ]\;Iy and ]Vy are left co-
prime, and My, My, Ny and Ny belong to H*®.

Proof. See Appendix 5.C (page 176). O

We also need that ]\7y to be co-inner in the Proposition 5.2.5. Here, Assumption
A4 helps. We start with the following standard result to check Assumption A4 in
the state space.

Lemma 5.4.3. Let 1\7y be as in (5.45). If (Cy, A) is observable (see As) then
Assumption Ay (]Vy(ejg)lv;(ejg) > 0V0 € [—n, r]) is satisfied iff Dy has full
row rank and

A—jol B
Cy Dy

has full row rank for all ® € R.

O

Proof. See Appendix 5.C (page 177).
The following result explains how to do the left coprime factorization éy =
A;Iy_ ! Ny with Ny co-inner.

Lemma 5.4.4. If assumptions A4 and As are satisfied then by Lemma 5.4.2 there
exists a coprime factorization of G given in (5.41) of the form (5.44), R := D, D;
is invertible and there exists a unique stabilizing solution X (i.e. such that matrix
A+ (—(XC; + BD;)R‘I)Cy is Hurwitz) of the Riccati equation

AX + XA* — (XC; + BD})R™'(CyX + DyB*) + BB* =0.
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If we choose
Z,=R"?
L =—(XC; +BD})R™'
then Ny defined in (5.45) is co-inner.
Proof. Follows from Lemma 5.4.3 and [71, Theorem 13.35]. O
The following lemma is useful later in obtaining the optimal sampler.

Lemma 5.4.5. Let L, Zy and X be as in Lemma 5.4.4, and ](7\, and 1\7y as in
Lemma 5.4.2. Now,

o v [ —(A+LCy) | (Z,Cy)*
Nly = [ —G,X | 0
Proof. See Appendix 5.C (page 177). O

5.4.2 Simplification of Assumption .43

It is desirable to have a simple criterion which tells us that Assumptlon Ajs (ie.
assumption of existence of an inner-outer factorization of H = H;H, with inner
H- € H™, and bistable and bicausal H, € H™) is satisfied or not. To this end,
using (5.23) we write the hold H (2), defined in (5.43), as

. Ay | By
H(Z):[ Cu| O :|[zl —E]

— Cyelnt (1 T (2l - EeAHh)—lEeAHh) By

Jo+

where H; is a discrete system which is rational in z and it is given by

_ EeAHh EeAHhB
H,(z) :=( 7 I B H) (5.47)

Hence,
H™(2)H (2) = Hy(z)"C5;Cra Hy ()
where Cp is a matrix which satisfies
- - h *
CyCy =/ et CHCpett dx. (5.48)
0

The following proposition explains the relationship of Assumption A3 with
other criteria.
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Proposition 5.4.6. Let Cy and H,(2) as in (5.48) and (5.47) respectively. If the
hold H € H*® given by STPBC (5.43) satisfies Assumption Ag ( i.e Ee*H" is
Schur) then the following are equivalent:

1. The inner outer factorizatioy of hold H= ﬁi ﬁo exists with inner I:Ii e H*®,
and bistable and bicausal H, € H*® (Assumption A3).

2. The spectral factorization of H~H exists i.e. there exists a bistable and

bicausal spectral factor W such that H H=W"W.
3. I:Iw(eje)l-\l(eja) > 0 i.e. the matrix
[EeAH’j —e?1 BH}
Ch 0
has full column rank for every 0 € [—rm, ).

4. The discrete algebraic Riccati equation
Qo =e*u"E*(Qo — Q0B (Bj; QoBr) ™' B Qo)Ee*#" + C3Cy

has a unique solution Qq for which (E — By (B}, QOBH)_IB}"{ QoE)eAH!
is Schur-stable.

5. There exists an € > 0 such |[Hitl|> > €||ii|l> for all ii € €. Here H € H®
is the hold in the time domain.

Proof. See Appendix 5.C (page 178). O

Thus, using Proposition 5.4.6, we can easily check that Assumption .43 is
satisfied or not. We also use Proposition 5.4.6 later in obtaining an inner-outer
factorization of the hold.

Now, we show that Assumption A3 is satisfied if assumptions Ag¢—.Ag are
satisfied.

Lemma 5.4.7. Let STPBC of hold H be given by (5.43). If assumptions A¢—Asg
are satisfied then there exists a factorization of H = H;iH, with inner H; € H™,
and bistable and bicausal H, € H*® (i.e. Assumption Aj is satisfied).

Proof. Since (Cy, Ap) is observable, we have C_’;IC_’ g > 0. This implies Cy have
full column rank. As By and Cg has full column rank, condition 3 of Proposition
5.4.6 is satisfied. Now, the results follows from Proposition 5.4.6. O

5.4.3 Inner-outer factorization of hold

There are many ways of obtaining an inner-outer factorization for H given in
(5.43). We adopted the method used by [40] 1 e we first obtain a rlght coprime
factorization (RCF) over H* of H = NH ! and then we make NH inner (i.e.
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NI}NH =1). Ny and My are said to be coprime in H* if Ny and My are in H®
and there exist Bezout factors X, € H® and ¥, € H® such that

X,MH + YrNH =1.
We start with a right coprime factorization (RCF) of H.

Lemma 5.4.8. Consider the hold H given by (5.43). If Assumption Ag is satisfied,
then there exists a matrix F such that (E 4+ By F)e?t" is Schur. Now, the Hold
H = NH(MH) 1 where Ny € H*® and My € H™ are right coprime and given
by

An | BuJor

M,
Ta ()| _ Lpr| 1 (5.49)
Nu(z) “c 0
H [zl —(E + By F)]
Proof. See Appendix 5.C (page 179). O

We give an important result about the Sylvester differential equation which
will be useful later.

Lemma 5.4.9. Consider the Sylvester differential equation
X(1)=AX@)+X(@0)B+C

with initial condition X (0) = X, where A € C"*™, B € C"*", C € C"*". The
solution of the Sylvester differential equation is given by

t
X (@) = e XgeB! +/ e4*CeBs ds
0

Proof. See [24, chapter 8]. O

Now, we concentrate on explomng the factor F in (5.49) to make Ny i inner 1n
Lemma 5.4.8. This is because if NH is 1nner then the inner factor H of H is NH
and the bicausal and bistable factor H, of H is MH . Note that Mﬁ !is stable and
causal if the hold H is stable and causal.

Since H is assumed to be in H®°, F = Orenders a trivial RCF i.e NH — H and
MH = I. However, in general H is not inner. Therefore, we need an non-trivial F
to make NH inner.

Lemma 5.4.10 (Inner-outer factorization of the Hold). Consider the Hold H given
by (5.43) and suppose that assumptions A¢—Ag are satisfied. Then, there exists a
unique stabilizing solution Qo > 0 of the Riccati equation

Qo = e’ #"E*(Qo — QoBu(B};QoBr) " B} Qo)Ee*t" + C3Cx
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where Cy is a matrix which satisfies (5.48) and B}, QoBy is invertible. If we
define

Z := (B} QoBu)"2
F :=—(B};Q0Bn) "B} QoE

H; := NuZ (5.50)
H' = Myz (5.51)

where MH and Ny are given by (5.49), then HiH, forms an inner-outer factoriza-
tion of H with inner H; € H® , and bistable and bicausal H, € H*.

Proof. See Appendix 5.C (page 180). O

5.4.4 The condition (I — HiHiN)éV e L™

The first thing we need to check is the condition (I — Hiﬁf)év € L (see
Proposition 5.2.2) for the existence of a solution of Problem Ps. Note that we
have to check (I — HiH")Gy € L with the constraint that Gy is causal. A

state space formulation of the condition can be done by using the STPBC of H,
(the inner factor of hold H ). However, the construction of I:Ii requires a Riccati
equation (see Section 5.4.3). The main aim of this section is to check the condition
(I — H; ﬁi“)év € L* with a computationally efficient method which does not
require Riccati equations. Advantage is that if the condition (I — Hi 1’-\11”)(?V e L*®
is not satisfied, then there is no need of doing the inner-outer factorization of hold.

We now state some results that will later help in simplifying the condition
- Hi H )GV € L. We start with a factorization of hold H into a zero order
hold and a discrete system.

Lemma_5.4.11. Assume Cy is\ a matrix which satisfy (5.48) and let the discrete
system Hg be as in (5.47). Let Vi be a zero order hold defined as

h
i@=%mﬁ@:i@nzch“TF@w,re&m
0

where C 2_1 is the pseudo-inverse of the matrix Cpy. Then,

1. The discrete system V Vi is an orthogonal projection onto Im OC where
05H = Cy is a static discrete system in H®.

2. VH VI;CH = C'H where C‘H € H® is a lifted zero order hold whose hold
function in lifted z-domain is given by CyeH?.
3. Hold H given by STPBC (5.43) can be factorized into a zero order hold and
a discrete system as H = Vi H.; where H is a discrete system defined as
EeAHh | EeAHhBH
CH ’ CH By

He =V H=CyH, = ( (5.52)
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Proof. See Appendix 5.C (page 182). O

Remark 5.4.12. The above lemma is generic in the sense that we did not assume
the observability of (Cn, An) (Assumption Asg). However, if (Cy, Ag) is observ-
able then Cy is left invertible. Hence, Cl‘s Cy = I. Now Lemma 5.4.11.(3) follows

from H= C‘HC’IJ;C’HI:IS = VHI:Ics. Note that VH # 0 in this case.

Similarly, we factorize the inner factor ﬁi of hold H into a zero order hold and
a discrete system.

Lemma 5.4.13. Let the zero order hold VH and matrix C be as in Lemma 5.4.11.
If assumptions Ag¢—Ag are satisfied then

1. Hiis factorized into a hold and a discrete system as
Hi = Vi Hies

where H;cs is a discrete system defined as

- (E + ByF)e*t" | (E+ ByF)By 1
Hics = = = B}, Q0B Z,
ics ( CH ‘ CHBH ( HQO H)
(5.53)
Here F and Qg are as defined in Lemma 5.4.10.
2. Higs defined in (5.53) is inner i.e. I-_Ii;ﬁ,'cs =1.

Proof. If assumptions Ag—.Ag are satisfied then H; € H* exists by Lemma 5.4.7.
Using Lemma 5.4.10, we have

Ayg | By

Hi(z) =|: Cu 10 ZJo

}[zl —(E + By F)]
where Z := (B, QOBH)_%. Using (5.23), we have
Bi(2) = Cue™ (14l = (E + By F)e**") ™ (E + BuF)) BuZ

The rest of the proof of the part 1 is similar to the proof of Lemma 5.4.11.
Since V; Vy is an orthogonal projection onto the space (Ker V;/ Vi)t =
ImCpy # 0 (see Lemma 5.4.11), we have V; VH H;oy = Hips. Now,

H;; Hics = I:]'W

ics ics

N

‘\/g VHI:I,'CS = I:IiN[:Ii =1

as VH # 0 (see Remark 5.4.12). |
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Note that in the above result, assumptions Ag—Ag are required for existence
of inner H € H* and non- zero VH
Since the factorization of H and H contains the same hold VH (see lemmas
5.4.11 and 5.4.13), we can expect some relationship between the discrete systems
H, and H;.s. Indeed.

Lemma 5.4.14. Let assumptions A¢—Ag be satisfied. Also, let VH and H,; be as
in Lemma 5.4.11 and H; .5 be as in Lemma 5.4.13. Then,

Hes = HiesHo
Proof. See Appendix 5.C (page 183). U
We define
At .= H'H (5.54a)
HY = H'H, (5.54b)

Note that by definition H+ and H exist (in L*°) iff inner H; and (bistable and
bicausal) H, in H® exist (see also Lemma 5.4.13). Also, the existence of H; and
H, in H* is guaranteed by assumptions A¢—Ag (see Lemma 5.4.7). Now, using
Lemma 5.4.13, we have

HY=H'H™ =H'H V;

o 1 s

Now, using H = VH H, = I:Iiflo , we have the following result which states
the equivalence of (I — H;H;™). These equivalences are useful later in simplifying

the condition (I — I:IiHiN)év e L™

Corollary 5.4.15. Let assumptions Ag—As be satisfied. Also, let Vy and H,g be
as in Lemma 5.4.11 and H;.g be as in Lemma 5.4.13. Now,
[ —HH =1—-HH =1 - VyH HLV, =1 - VyH H .V
(5.55)

lCS

where HY and H are as defined in (5.54).
Proof. Since H= \\/HI-_ICS = Hil:l = VHI:IiCSI:IO, we have
I —HHY =1 - VyH. HIVy
=1 — VyHisHoH ' H Vyy =1 — Vg Hies H VY,
=1—HH~
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Our main aim is to check the condition (I — Hiﬁf)év € L* linearly. For
this purpose, we use the relationship 7 — HiI:IiN =1- VH H,, I-_I;g Vg to obtain a
simplification of the condition (I — Flil:liw)(v;v € L™ in the following lemma.

Lemma 5.4.16. Let assumptions A¢—Asg be satisfied. If _év is causal then the
condition (I — HiH )Gy € L™ is satisfied iff (I — HCSHJS‘)VI;GV e L™ and
(I - VgV;)Gy € H®.

Proof. See Appendix 5.C (page 184). U

Although Lemma 5.4.16 simplified the condition (1 — H; I-\Iiw)é v € L* alittle,
still the construction of H;g depends upon I:Ii (see (5.54)). Since the construction

of Hj requires a Riccati equation, our purpose is not yet fulfilled. To this end, we
define a perpendicular A= and a left-inverse H=: of H.

Definition 5.4.17. A perpendicular I?CJE and a left inverse I-_ICLS of a discrete system

H_s given by (5.52), are the discrete systems which satisfy

HEY - |1
[} =[3

Perpendicular and left inverse are not necessarily unique. For example, we can
take H: = 0. I — H.yHZ, is also a perpendicular and H, is a left inverse of H,;
given by (5.52). This is because

(I - I:ICSI:I;;)I:ICS = _cs - [:Icsﬁg_lﬁizgﬁicsl:lo =0. (556)
where we used Lemma 5.4.13 and (5.54). Similarly,
FI:;I:ICS = [:Icrlﬁi:sl:licsl:lo =1.

As mentioned earlier the construction of I — H.; HY and HX needs a Riccati
equation. However, we need to construct a perpendicular and a left inverse of
discrete system H,, without a Riccati equation. There is a standard method to
explicitly write a left inverse H% and perpendicular H: of H,; which does not
requires a Riccati equation. For that method, we need the condition that the feed-
through term of H, i.e. Cyy By be left invertible. The following lemma shows that
it is indeed true under our assumptions.

Lemma 5.4.18. If assumption A7 and Ag are satisfied then Cy By is left invert-
ible.

Proof. Since (Ag, Cg) is observable (Assumption .Ag), using (5.48) we have
— — h *
Cy;Cu =/ eHTCyCpeT dr > 0.
0

Therefore, B;IC_’ o Cy By > 0as By is full column rank (Assumption A7). This
implies C By has full column rank. O
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Now, we write a left inverse HCLS and a perpendicular I-_Icls of H,s without any
Riccati equation.

Lemma 5.4.19. If assumption Az and Ag are satisfied then Cy By is left invert-
. D+ e =

ible and there exists an invertible matrix DS := [gl} such that D§CH By = |:(I)i|

Now,

1. A left inverse I-_IL,L and a perpendicular I-_Ici of H.s given by (5.52) exist and

S

they are given by
- A, | EerhBy DY + LDt
Hcs N ~ N
= — D+CH DT
HCS ¥ n-L
—D~Cqy D

where A; := Eedt — EeAihBy DYCy — L.sD+Cy and Ls is a matrix
chosen in such a way lhfll all modes of EeAuh — FeAuh By DT Cy which
are detectable from D+Cy are stabilized.

2. HZ defined above is in H®.

3. the eigenvalues of EeAth — FeAnh B DY Cy which are unobservable from
D1Cy are the invariant zeros of the realization of Hy.

Proof. Note that Cy By is left invertible by Lemma 5.4.18. Therefore there exists
an invertible matrix D% such that DSCy By = [é:| The proof of 1 and 2 is

standard (see for example [26, §A.8.3]). B
The invariant zeros of a left invertible system H.; given by (5.52) are those
values of z € C where the matrix

Eetnh — 7] EetnhBy
CH CHBH
looses its normal rank. The rest of the proof of 3 is similar to the proof of [26, claim

A.34].
0

In Lemma 5.4.19(1), L. is chosen in such a way that DJ-C_'H(zI — A;)_1
is a stable discrete system. Note that matrix A; is not necessarily Schur. The
importance of Lemma 5.4.19(3) will be more clear in Lemma 5.4.27.

Remark 5.4.20. In Lemma 5.4.19, I-_Ié is in H®. However, it is not necessary
that the left inverse I-_IL,I; is in H®. This is because Ee*#" — EeAthBy, DY Cy —
Les D+Cy may have some unstable eigenvalues (i.e. eigenvalues having modulus
greater than one) that are observable from Dt Cy. However, under some assump-
tions I-_ICLS can be constructed stable. In the sequel we do not need stability of I-_ICLS,
therefore we do not delve into this interesting topic (for details see [26, §A.8.3]).
Note that by construction of L.s, we did not face this problem for I-_ICJS‘.
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Although_the_aboxie constructed Hcls and (I — H,, I-_I;S ) are such Ehat_ﬁ}s H,, =
0 and (I — Hgg HLT‘;)HCS = 0, it is not necessary that_ HCLQ, =1 — Hes H:g in gen-
eral. However, there exists a relation between I — H,; H;g and Hcl given by the

following lemma.

S

Lemma 5.4.21. If assumptions Ag¢—Ag are satisfied then there exists a left invert-
ible system W5 € L™ such that

WesHE: =1 — H HY
Proof. See Appendix 5.C (page 184). O

Remark 5.4.22. I-_ICJ- Vg maps the image of H 1o zero as

s
AiViH=HIH, =0.

However, I-—ICJ; VE does not represent all perpendicular systems of hold H. Indeed
one such perpendicular is I — ﬁiﬁf. Using (5.55), we have

[ —HH =1-VyHHV
=1—Vy(I —WeHHV;
=1 —VyVy + VaWHEVY (5.57)
In general, I — Vi VI; # 0 (see Lemma 5.4.11). Hence, ﬁcjg, VI; does not represent

all operators perpendicular to H.

For example, let H = h1 , then H,y = 62}12_1 010 and
10 [1 0 111

Vi =e’ /ﬁ. Therefore D+ = 0, hence HCJE =0, but clearly I — Vi Vg # 0.

Using Lemma 5.4.21, the condition (I — I:Ii I-\Ii”)(v?V € L can be further sim-
plified as explained in the following theorem.

Theorem 5.4.23. Let assumptions Ag—Ag be satisfied. Also let H be as in

Lemm\a 54 1 ? and VH be as in Lemma 54 ]vl f év is causal, {heq the fondition
(I — HiH")Gy € L™ is satisfied iﬁ”HCJs‘ Vi Gy e H® and (1 — VyV;)Gy € HZ.

Proof. See Appendix 5.C (page 185). |

Still it is not clear that Theorem 5.4.23 offers any advantage or not. However,
since VH is a zero order hold and I-_IC% can constructed in finite steps (as demon-
strated in Lemma 5.4.19), the conditions Hcﬁ V; Gv e H*® and (1 — VH Vg )GV €
H® requires no Riccati equation. Thus, we avoided the Riccati equation needed if
we directly check (I — I:IiI:IiN)GV € L™ using STPBC of H;.
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Simple equations to check the condition (/ — H; I-\Ii”)év e L™

In this section, we use Theorem 5.4.23 to obtain simple equations to check the
condition (I — HiH;" )Gy € L*. If Gy belongs to H* then the condition (/ —
I:Ii I-\Iiw)éV € L (with constraint that G v is causal) is trivially satisfied. Therefore,

we can add or subtract any L™ system from (I — H, HiN)GV without any loss of
generality. The following lemma explains this idea.

Lemma 5.4.24. Assume that causal GV has STPBC given in (5 42). Now, (I —
H; H )GV € L™ is equivalent to (I — H; H )Gu e L where Gy is causal and it
is given by STPBC

. |: Au Bu

Gy = (5.58)
L18],

Proof. The proof follows from the fact that év = éu + és and (I — Hi I-\Iiw)(v}S €
L where

és=|: A | By

Cos 0 ][Zl —I] = H™

O

Also it follows from Theorem 5.4.23 that if éu is causal then the condition
(I — HiH)Gy € L™ is satisfied iff H:V;; Gy € H® and (I — Vi V;;)Gy € H®
We first write a simple equation to check the condition (I — Vi V; )Gy € H®.
For obtaining the equation, we need the following standard but important result
(written here for reference purpose).

Lemma 5.4.25. If (A, B) is controllable, then
1. (Ay, B,) is controllable.

2. (eA“h, B,,) is controllable where B, is a matrix that satisfies

h h
B,B :/ e B, Bt dr:/ e=0 B, BreAi=1) 4. (5.59)
0 0

Proof. Suppose (A, B) is controllable. Hence [A - B] has full row rank for
all A € C. Then

[AS — Al 0 By

0 A, — Il Bu] has full row rank for all 1 € C.

Clearly [A, — A1 B,] has full row rank as well.
Now, if (A,, B,) is controllable then foh ed«* B, B¥*e*" dv = B,B} > 0[71].
This implies that B, has full row rank. Hence, [e4*" — A1 B, ] has full row rank

forall 1 € C.
The two integrals in (5.59) are equivalent as B, is a constant matrix. O
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We start with the condition (1 — Vy Vg )éu e H® first.

Lemma 5.4.26. Let Gy, be as in (5.58). Let Cy, By and Cyy satisfy (5.48), (5.59)
and

h
C:,Cou = / et Cr CpueT dr, (5.60)
0

respectively. Now, if (A, B) is controllable then (I — Vi \\/I;)éu e H® iff
C:.Cou— PXCHCH) P, =0

where P, is given by
h *
P, =/ eH?CyCpuet dt
0

and the zero order hold VH is defined in Lemma 5.4.11.

Proof. See Appendix 5.C (page 185). |

Now, we simplify the condition H: V; Gy € L™, To this end, we need the
following assumption.

Assumption Ay : No pole of Gy in the region |z| > 1 is a zero of the discrete
system H..

The poles of Gy in the region |z| > 1 are the eigenvalues of e4«. Also note
that the eigenvalues of £ eduh _ FeAnh By, Dt Cy which are unobservable from
D1 Cy are the invariant zeros of the H, (see Lemma 5.4.19(3)). Therefore, by
Assumption Ag and the suitable choice of L. (see Lemma 5.4.19), A; and eAuh
have no common eigenvalues. This is required in the following lemma which helps
in simplifying the condition H2 V; Gy € H®.

Lemma 5.4.27. Let assumptions A7—Ag be satisfied. Let H: be as in Lemma
5.4.19. If (A, B) is controllable then I-—ICJ; VI; Gy € H® iff there exist a matrix X
that satisfies the following linear equations

(Eet#! — Eerh By D Cy) X = Xie ! + Eet! By D* =0
—DLC_‘HXI + DJ‘(C_‘Z)—FPM =0
Proof. See Appendix 5.C (page 187). O

Combining Lemma 5.4.27 and 5.4.26, we can write the following theorem:
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Theorem 5.4.28. Let assumptions Ag—Ag be satisfied. Also let Cp,, Py, Cy be
as in Lemma 5.4.26 and D+\, l\)l as in Lemma 5.4.19. If (A, B) is controllable
and Gy is causal then (I — HiH )Gy € L™ iff

C:.Cou— PXCHCH) P, =0 (5.61)

and there exists an X that satisfies the following linear equations
(et — Eerh By D Cy) X = Xie™h + Ee*# By D =0 (5.620)
—D*CyX; + DH(Cy) TP, =0 (5.62b)
Proof. Follows from Theorem 5.4.23 and lemmas 5.4.26 and 5.4.27. O

Remark 5.4.29. If Assumption Ag is satisfied then the condition given in (5.61)
can be further simplified as explained below. Note that

h - -
* Ccr C P*
AT O* AuHTd — vuou Ty

/oe CungCume™ [ P, C;;CH]

A, O
0 Ay
isfied then C_’};(:’H > 0. Hence, ((,_’};C_’H)+ = (C_’};C_’H)_l. Using (5.61) and
invertibility ofC_‘I"iIC_'H, we have (see [71, §2.3])

where Ay = |: :| and Cy,g = [CW CH]. If Assumption Ag is sat-

C;.Couw Pr | _ Cp.Cou— P;(C;C)'P, 0
rank |: P, C}'} Cul= rank 0 C;} C
= rankC_’};C_‘H =dimAg.

Here dim Ay means number of rows of the square matrix Ay. This implies that
the condition given in (5.61) is satisfied iff

h
rank / eun™Cr L Cygettdr = dim Ay,
0

Now, rank foh eAun® C:HCMHCA”HTCZT is equal to the rank of the observability ma-
trix associated with pair (C,g, Ayg) (see [71, theorem 3.3,3.8]). Therefore, the
condition given in (5.61) can be verified just by showing that the rank of the ob-
servability matrix associated with pair (Cy g, A, p) is equal to dim Ag.

Theorem 5.4.28 is important because here we check (I — Hifli”)év e L™
with just a few linear equations. We do not need to solve a Riccati equation here to
obtain H;. The eigenvalue split of Gy required in Theorem 5.4.28 is also required
if we directly check (1 — FIiI:IiN)év € L* with STPBC of Hj. Therefore, certainly
we gain something by using Theorem 5.4.28. Let us consider an example now.
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Example 5.4.30. Consider LCTI systems Gy and Gy given in the Laplace domain
by Gy(s) = [% 0] and Gy(s) = [% e] where € > 0.
The STPBC of Gy and Gy is given by

[@v(z)} _
Gy (Z) .
= —1]
We also assume that the hold is the ideal zero order hold given by

. 01
HiZ(Z) = |: 1 O

0|1 O
110 0
110 €

:| Jo+

[1 ]

The first thing we need to check is the condition (I — I:IiI:IiN)év € L™ (see Propo-
sition 5.2.2) for the existence of a solution of Problem 'Ps where Hi is the inner
factor of hold Hi;. In Theorem 5.4.28, we saw that this condition can be checked

without constructing the inner factor Hi. In this example, C,, = Cy = /h,
P,=h E=0 Dt = ﬁ and D' = 0. As required in Theorem 5.4.28,
é:uévu - P;(C;]CH)+Plt =h—-h=0

and X; = 0 satisfies (5.62).

5.4.5 The condition (I — H;H;")Gy € L?

We also need to check the condition (I — Hiﬁf)év e L? (see Proposition 5.2.5)
for the existence of a solution of Problem Ps. To this end Lemma 5.3.23 and
Remark 5.3.24 are very useful and applied in the following result.

Corollary 5.4.31. Let system C? and H are given by STPBC (5.42) and (5.43)
respectively. Then (I — HiH" )Gy € L™ implies (I — HiH")Gy € L2

Proof. Since the direct feed through term of év is 0, the STPBC of (1 — I:Ii I-\Ii”)Cv;V
has zero direct feed-through\ term. :fherefore, it follows\ frpm I:emma 5.3.23 and
Remark 5.3.24 that if (I — H;H,")Gy € L then (I — HiH")Gy e L. O

Causality of G, does not play a role in Corollary 5.4.31. This is because once
it proved that (1 — HiH)Gy € L°° with any constraint (here G is causal) then
(I - HiHiN)GV e L2 with the same constraint.

5.4.6 Obtaining V

Now, we concentrate on showing the existence of a V e L* such that My, =
H™M, —VMy e H® (see Proposition 5.2.2). In this section, we show that

—-Ay | P(LZ]! }
—(Bu2)" | 0 [2(E + BuF)* —I]

V() =Tg [ (5.63)
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is in L® and it is such that Mh € H®, where P(z) is the solution of Sylvester
differential equation

P(t) + A5 P(t) + P(r)A+ C}C, =0, (5.64)
with boundary condition (E + By F)* P(0) = — P (h).

Remark 5.4.32. This STPBC of V is not brute force. It can be obtained by con-
structing a rational function of ﬁiNMVM; U (with time varying co-efficient). Even
though I-\IiNMVA;Iy_ Umay have no convergence for all z € 7 (this can happen if re-
gion of convergence (ROC) of I:IiN and ROC of A;IVA;IY_ U have empty intersection),

but still as a rational I:IiNMVMy_ ! has some meaning. Doing partial fraction
H?Ahﬂq_ P 4—P~M4

where Py~ contains the poles (outside unit circle) of I:IiN and Py -1 contains
vMy

the poles ( inside unit circle) of MM, the desired V can be obtained by taking
vV = Pp~. Since the poles of P - are outside unit circle, V is stable if it is
anti- causal Also

S e e .
My = H My — VMy = (BT MM = V)My = Py o1 My,

It can be shown that this Mh is stable and causal.

First, we show that Sylvester differential equation (5.64) with boundary condi-
tion (E 4+ By F)* P(0) = — P(h) has a solution. To this end, following Lemma is
useful.

Lemma 5.4.33. If Assumption Ay ( given at page 153) is satisfied then no pole of
H™ in the region |z| > 1is a pole of G.

Proof. Similar to H = VHI:ICS in Lemma 5.4.11, we can write Hi = VH Hieq
where

g (E + By F)e’t#" | (E + ByF)e*i"By
e éH ’ éHBHZ

Since H, is bicausal and bistable, it will not have zeros in the region |z| > 1.
Therefore, a zero of H, in the region |z| > 1 is a zero of H;.s. Now H. =

H V As VH is a sampler with no poles, the poles of Hi are the poles of

ics —
H Also since H' Hj.; = I, the poles of H."_ are the zero of H;.s. Therefore,

ics*® ics l(S
Assumption Ag can be restated as “no pole of Hi in the region |z| > 1 is a pole

of év (or Gu)”. O

We use the above Lemma to show that Sylvester differential equation (5.64)
with boundary condition (E + By F)* P(0) = — P (h) has a solution.
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Lemma 5.4.34. If Assumption Ay is satisfied, a unique solution P(t) of the differ-
ential Sylvester equation (5.64) with the boundary condition (E + By F)* P (0) =
— P (h) exists and it is given by

P(z) = e 4H7 Ppe™"" — R3(1),

where
T *
R3(7) ::/ e_AH”C}}C,)e_A”dn
0

and Py is the unique solution of Sylvester equation
Py = e*u" (—(E + BuF)* Py + R3(h)) e (5.65)

Proof. From Lemma 5.4.9, the solution of (5.64) with boundary condition P (0) =
Py is given by

P(7) = Ri(r) PoRy(7) — R5(7)

where R(7) := e 4u7 and Ra(r) := e A7. Using above and the boundary
condition (E + By F)*P(0) = —P(h), we have

P(h) = Ri(h)PyR2(h) — R3(h) = —(E + B F)* Py
this implies
Po=—Ri(h)"(E + By F)* PoRay(h) ™" + Ri (W) ' R3(h)Ra ()™

The unique solution of the above discrete Sylvester equation exists by Lemma
5.4.33. O

Now, we show that V defined in (5.63) is in L*°.
Lemma 5.4.35. V defined in (5.63) is in L.

Proof. Since the P(7) exists and continuous (hence, bounded), and (E+4 By F)erh
is Schur, it follows from Remark 5.3.19 and Lemma 5.3.18 that V e L*™°. O

Now, we show that this V e L™ is such that Mh = I:Ii”]\;lv — V]\;Iy € H®.
Lemma 5.4.36. I V is as defined in (5.63) then My, := H” My —V M, € H® and

A+ LCy Li|
_(BHZ)*PO‘O [ZI —I]

M@=%[ (5.66)

Proof. See Appendix 5.C (page 189). O



158 Chapter 5. Relaxed causal sampling

5.4.7 Optimal relaxed causal sampler

In this section, we write a STPBC for optimal relaxed causal sampler described
in Proposition 5.2.5. For the solution described in Proposition 5.2.5, we need
H Ny N - V. Following corollary show how to obtain a compact STPBC for
thlS

—A*  —C* _ -1
Corollary 5.4.37. Define A, := |: An CHC”X:|, B, = |: P(O)LZ, :|

0 -4 (ZyCy)*
Q, = [(E +ByF)* 0

0 I:|’ and Cp := [—(BHZ)* 0]. Now

I~ (2)Ny ()N ; L[ A,| B
Hi (Z)Nv(Z)Ny (Z) — V(Z) :j0+ |: C[’ O[J i|
g [ZQP —1}
Proof. See Appendix 5.C (page 190). -

Now, we have all component to write the optimal relaxed causal sampler de-
scribed in Proposition 5.2.5.

Theorem 5.4.38. Let system G and H are given by STPBC (5.42) and (5.43)
respectively. Let assumptions Ag4-Ag be satisfied. If the conditions given in The-
orem 5.4.28 are satisfied then

Sopt := arginf |Gy — HSGyll; 2 = Hy ' (Se,optMy — M)

Sezl H®
where Sa,opt = prsz/Hz([:]iNNVN}T - V) has STPBC

o,0pt 0* Cp (I — (ze “Phﬂp)l 1) ‘ 0 [Q I}
P

where Ay, By, Qp, and C), are defined in Corollary 5.4.37.

Proof. See Appendix 5.C (page 191). O

Theorem 5.4.38 says that strictly causal sampler (i.e. [ = —1) is given by
—H 1Mh as H N N and V are anti-causal.

Remark 5.4.39. Note that the causality (strictly speaking lifted causality) of a
sampler is not equivalent to input/output causality (see Section 2.5 for detail).
5.4.8 Optimal H> norm

In this section we provide a simple algebraic expression to calculate the optimal
error norm || Ge. Opt||L2 for signal generator G given in (5.41) and hold H given in
(5.43). It is given in (5.6) that

~ 2 . ~ 7 o2 A AT 112 G 2
[Ge,optlli2 := Gy = HSopiGyll; > = Gy + HiMyGyll{ > = [ Sa.optll;
L L L L
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where S’opt is given in Theorem 5.4.38 and

1Sa.0ptlZ2 = Il proj,uyp (B NyNy = V)12, (5.67)
The squared L2 norm of S’a,opt can also be written as
1Sa.0ptll?2 = 1HNyNy” = V2, = [l projp 2y e (BT NoNy = V)IIE,— (5.68)

It is shown later that it is easier to calculate || Sa,optlle using (5.68) than (5.67).
Now, we obtain STPBC of all systems required to calculate || ég,optIILz. Using
Corollary 5.4.37, the STPBC of sampler I:Ii“]\7vl\7y” —Vis given by

Bp

(5.69)
! ][ZQP —1]

B @M (N; () = V() = [ =

where A, B, Q,, and C), are defined in Corollary 5.4.37. Proceeding as in the
proof Theorem 5.4.38, we have

Ap | Br i|
Cplze™rh Q) ’ 0 2@, -]
(5.70)

Projy 2\ 12 (I:IiNNVNyN —V):= N/ [

Note tf\lat,l-\]ivis a sampler and My is a sampler, therefore to obtain the STPBC of
Gy + HiMyGy, we need the STPBC of H;My. Using Lemma 5.3.32, (5.50) and

(5.66), the STPBC of H; My, is given by

. ) Ag 0 0
Hi(zx)Mp(z) = 0 A+LCy | L -
Cy 0 0 ]|, I M| [(E+BuF) 0
- “flo 1 0 1
[ Ay 0 0 7
=| 0o aA+ic L |
Cy 0 0 |, I 0| [((E+BuF) —-M
- “flo 1 0 I
(5.71)
where
M = —ByZ(BnZ2)*P. (5.72)

Now, the STPBC of év + I:Ii Mh éy is obtained in the following lemma.

Lemma 5.4.40. Let the STPBC of G = [gvi| My, and Hi are given by (5.41),
y

(5.66) and (5.50) respectively. Then, the STPBC of the system év + FIiMhéy is
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given by
= 'y y A Ae Be
Gyv(2) + Hi(2)Mn(2)Gy(z) = c. 1o (5.73)
T )
where
Ay 0 0 0
A;:=| 0 A+LCy, 0|, Be:=|B+LD,
0 0 A | B
[E+ByF —-M; M,
Co:=[Cu 0 G, Y.:= 0 I 0
i 0 0 I
Proof. Define Y, = (E +§H F _?41] Using the STPBC of H;(z) My (z)
given in (5.71),
o : . v _ N . év(z)
Gv(x) + Hi(@)Mn(2)Gy(x) = [I  Hi(2)Mn(2)] | ~
Gy(Z)
and
[ Ay 0 0 0
[I H@Miz)]=| 0 A+LC,|0 L
| CH 0 |I 0 [Zl —Tz}
y [ A | B
[qv(z)i| — C O
G (Z) v B
g L Cv | Dy [ZI —I]

the result follows from the product of STPBC, the state-transformation using

I 00
T: =0 1 I},
00 I

and multiplying the boundary condition from left by 7.

O

Since Gy + HiMhéy is causal and in L, it is in H*. By Lemma 5.3.23, this
further implies év + Hi Mh éy € H2. However, in the following theorem we show
that the STPBC of the system év + ﬁiMhéy given in (5.73) is not minimal. It

contains unobservable or uncontrollable poles that lie outside (open) unit disc of
the complex plane. Since Gy + HiMyGy € H*, this implies these poles must be

canceled somehow. This complicates the calculation of H2 norm of év + I:Ii]l;lh éy

as shown in the following lemma.
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Lemma 5.4.41. Let G is given by STPBC (5.42). Let the matrix functions A and
r be as in Lemma 5.3.29. Also let A,, B., Y. and C, be as in (5.73). Let C, and
B, be any matrices which satisfy

h
CC, = / e CrCe et ds = Ay (As, Co)A12(Ae, Co) (5.74a)
0

BB = /O " eeS B,BeA*ds = T35(Ae, B)T23(Ae, Be) (5.74b)
respectively. Define for t € [0, h)

D,it = /Oh C,e* ") B, 1(r — 0)ii(c)do (5.75)
then

h pt
1Deliys = / / et B, B*eN  dsdi C
0o JO
=tr Cer;_?, (A67 Be)FIS(Aea Be)C:- (5.76)

Let us partition M| defined in (5.72) as [Mls Mlu] according to Ag and A, and
define

(E + B F)etth  —pMeA+LOM  ppyeAsh
Aps = 0 eAFLEDh 0
0 0 et

Also let us partition

_ B _
T.B, =: |:Bmsj| > C.=: [Cms Cmu]
mu

according to A, and eAul Then

H2 — ms

|Gy + HiMyGyllg = %néen%qs + %tr(é* Cons Wee) (5.77)
= %uben%” + %tr(ww(éms — X Bpu)(Bis = XmBmu)*) (578
where W, and W,, are matrices satisfying the Lyapunov equations
Wee = AmsWee Ay + (Buns = X Bun) (Bins = Xon Buu)*
Weo = Ak WeoAms + CriosCons
and X,, satisfies the Sylvester equation

Mlu
X = ApsXme 4| 0 |. (5.79)
0
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Proof. See Appendix 5.C (page 192). O

I:IiNNVNy” — V and projLz\Zsz(I:IiNI\v/\,I\v/y” - V) are anti-causal systems in
L°°, therefore their conjugates are in H*°. Hence, their H2 norm can be obtained
by Lemma 5.3.26. Since ||z/G ll 2 = G|l 2 for asystem G, L2 norm of the system

Projy 2\ g2 (I?i“]\u/v]\u/y” — V) can be calculated easily.

Lemma 5.4.42. Let A, B, Qp, and C), be as in Corollary 5.4.37. Let the STP-
BCs of the systems I-\Iiwl\vlvl\vl; —V and Proj 2\ g2 (I:IiNNVNYN - V) be given by
(5.69) and (5.70) respectively. Then

1. the L? norm of (anti-causal) sampler I?iwl\vlvl\v/yw —Vis given by

T~ AT AT 5 1 D D% 1 %
IHTNNY = VL, = - w(ByByWee) = - (W0 C}C)p)
where Wy, and Wy, are matrices satisfying the Lyapunov equations
Wye = Qe P Wyee ™41 Q, + C1Cp,
Wyo = e~ 4r"Q, W, Q1e™ 7" + B, B

and B p IS any matrix satisfying

h
B,,B;:/O e_Al’TBp(r)Bp(T)*e_APTdr

in which
Ay CjLCX CyC, 0
A= 0 A+4+LCy 0 B, = | (Z,Cy)*
0 0 —A Lz;!

|1 0 =P
PZ“[O I 0}

2. the L* norm of (anti-causal) sampler projLz\lez (I:IiNNVN; - \}) is given
by

, NV | 1 i
I projy 2 i (H Ny Ny~ = V)17, = Etr(BpoWpC) = Etr(Wp,,Cmepm)

where Cpy = C)p (e_A/’th)H'1 and Wy and W, are matrices satisfying
the Lyapunov equations

 O*a—A%h —ALh Sk o
Wpe = Qe P Wpee™ 77Q, + Cp Cpm,

Wpo = e~Ar1Q, W, Qe ™" + B, BY
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Proof. See Appendix 5.C (page 193). O

Now we summarize all of the results in this section to obtain the optimal error
norm [| G opt |l 2-

Theorem 5.4.43. Let system G and H are given by STPBC (5.42) and (5.43)
respectively. Let assumptions A4-Ag be satisfied. If the conditions given in The-
orem 5.4.28 are satisfied then the optimal error norm |G optll; 2 is given by

1Ge.optllz =Gy + HiMnGy |12, — | HT NN = V12,
+ 11 projp 2\ 2 (H Ny Ny = V)II?,
where ||éV + I:IiMhéy||Hz is obtained in Lemma 5.4.41, and ||I:IiN]\7v]\7yN - V||L2
and || pI‘OjLZ\Zle (I:IiNNVNyN - V)||Lz are obtained in Lemma 5.4.42.
Proof. The proof follows from lemmas 5.4.4, 5.4.10, 5.4.41 and 5.4.42. O

5.4.9 Example
In this section we consider an example to explain the theory discussed till now.

Example 5.4.44. Consider the systems Gy, éy and Hi, as in Example 5.4.30. In
this example we obtain strictly causal, causal, 1-causal and non-causal optimal
samplers gzven the systems Gy, Gy and Hi,. It follows from Example 5.4.30 that

- HIHi )Gy € L.
Using Lemma 5.4.10, we have F = 0, Z = ﬁ and an inner-outer factoriza-
tion of Fliz = FIiI:IO is given by

. 1 Tol1 -
Hl(z)—ﬁ[l 0][1 0]j0+, Hy(z) = vh

And using Lemma 5.4.4, we have Z, = % X=¢andL = —é and

Using Lemma 5.4.34, P(t) = h — t. From (5.63) and Lemma 5.4.36, we have

0 |—P(r)
‘ 0

V@zﬁ[_

}[o =

1
M@=ﬁ[_ﬁ8}[ T
z —1
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Figure 5.3: Sampling functions of optimal —1, 0, 1, co-causal sam-
plers in Example 5.4.44

Using Corollary 5.4.37, we have

B QNN @) - V() =75, [

0 —¢] P(7) 0 0] ]
where Ap 1= [O % , Bp ::[ é :|,Qp = [0 | ,and Cp = [_ﬁ O].
Using Theorem 5.4.38, S’a,opt i= proj 2 (I:Iiwl\v/V vyN - \7) is given by STPBC
. [ A | By T
Sa,opt(z) = j()*+ IiA h i .
| Cp (I = ze=*"Q,)) | o, -1

and the optimal relaxed causal sampler S’Opt is given by (5.4).
Now, we write strictly causal, causal, 1-causal and non-causal optimal sam-
plers in a more tangible form.

1. Strictly causal optimization (i.e. | = —1)
Since projz_le{I-\If](’v](’y~ - V} = 0, we have strictly causal sampler

—I-_Io_ Y My, which is a cascade of the LCTI causal system %1 /(s + %)1[0,00)
and the ideal sampler. Note that the strictly causal sampler does not depend
upon h and tend to a causal impulse when € — 0. Therefore, strictly causal
S’opt in time domain is a sampler given by

ylnl = / w_1(nh — t)u(t)dt

—00

e_éll[o,oo). See Figure 5.3.

where sampling function y_1 := %

Causal optimization (i.e. ] = 0)
Since I-\Ii” € H®, therefore V = 0 satisfies I-\Ii” MV—VMY € H™. Therefore,

S’a,opt = Proje (I:Iiwﬁvﬁyw).
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We find that causal S’opt in time domain is a sampler given by

yln]l = / wo(nh — tu(r)dt

where sampling function

| 0 t<-—h
: 142
po(t):=—J—3ec—4e” ¢ +1 —h<t<0
h 1 . —L 1 — 12k
F€ € — e € t>0

See Figure 5.3.

3. 1-causal optimization

Similar to causal optimization, we take vV =0. Therefore,
Sa,opt = projlez(HiNNvN;).

We find that 1-causal .S”opt in time domain is a sampler given by

y[n]z/ w1(nh — tHu(t)dt

where sampling function

0 t < =2h
(1) = 1 %(—eé —I—e[t_h e +e_3he+r) —2h <t <-—h
y(n) = Lot e —e " pe )+ 1 —h <1 <0
1, _t _txh _dh+t _3ht
E(eg_ee—e € +e ) t>0
See Figure 5.3.

4. Non-causal optimization (i.e. | = c0)

In this case,
Sa,opt = H NyNy".
We find that non-causal S'opt in time domain is a sampler given by

y[n] = /oo Woo(nh — Hu(t)dt

where sampling function

t t+h
! —lee+%eel t<—h
t t+h
Woolt) = — —%e?—%e_7+l —h<t<0
h 1 —L 1 —tth
36 ¢ —3€ ¢ t>0

See Figure 5.3.
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weo(t)

==

—h 0

Figure 5.4: Sampling function of optimal /-causal (where [ > 0)
sampler in Example 5.4.44 when € — 0.

I ge,opt ”L2

Figure 5.5: Optimal error [|Ge opill 2 = Gy — HSopiGyll 2 for
different [ and € = 0.5.

If € = 0 in this example, then yo(t), w1(t), woo(t) converge to the following

« 1/h —h<t<0
veolr) = 0 elsewhere
see Figure 5.4.

Figure 5.5 shows the optimal error ||Ge optll 2 = |Gy — HSoptGy Iy 2 for dif-
ferent optimal relaxed causal samplers. As expected the optimal error decreases
with increasing non-causality.

5.5 Conclusions

In this chapter we obtained a stable and optimal /-causal sampler given hold and a
LCTI model G. The presence of hold H complicates the question of existence of
such a sampler when G is unstable. We also provided the conditions of existence
of optimal /-causal samplers, in (lifted) frequency domain as well as in state space
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with two point boundary condition (STPBC). We also gave the optimal /-causal
sampler in STPBC. Use of STPBC allows an easy and clear framework to solve
our problem.

5.A Proofs of the results in Section 5.2

Proof of Proposition 5.2.2. We first prove that these three criteria are necessary.
Let us assume that there exists an S € z/H® such that G, := Gy — HSGy e L™,

Condition 1: Since R := Hi . | satisfies R~ R = I, we have
I — HiH.

1

IGellL = Gy — HSGyllL~ = |RGy — RH;HoSGy|l
B H [ﬁ;év - Hoééy}

5.80
.6, (5.80)

H L>®
By assumption Ge € L™, so ||Hﬁév||Lm is finite.

Condition 2: Since the hold H is stable and casual, we have that K:=HS e
Z/H® and Gy — K éy e L®. According to [40, proposition 2.1], the existence
of a K € z/H*® that renders Gy — K éy € L™ is equivalent to existence of a
factorization over H* of G of the form (5.1) with My, Ny left coprime. Note that

the coprime factorization is over H> not 7/H® as we expect. This is related to the
causality of G (see [29, remark 20.4] for detail). B
Condition 3: Let V = (HiNMV—I—HOS)My_l. Then, H™My—V My = —H,S €
Z/H™ as required. Hence,
VAt = B+ oS € L.
Also,

VR, = (B My + HoS)Gy € L

because
H Gy — HySGy e L™, follows from (5.80)
S BNy — MGy — A5Gy e L
= Hf]\;[véy + I-_IOS‘éy e L™, as I-]f](fv e L™,

Here, we used év = IVV — Mvé
Therefore, we have

!Ny which follows from (5.1).

«
o
=
o
Q¢

<

Il

1% [Ny My] e L*®

This further implies that V e L™ as [ y y] is right invertible in H*.
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Now assume that Conditions 1-3 are satisfied. We show that there exists a
sgmpler S e 7/ H>® §uch that G, € L°°.\ From (5._80/),va sampler S e 7/H®™ achieves
Ge € L¥iff |[T1;GyllL> < oo and |H" Gy — HoSGy|L> < co. From Condition
2 and 3, it is clear that we have a V e L such that Mj, := I:Ii” MV — VMy € z/H®
and Gy = Ny — Mvéy and éy = My_lﬁy. Now, § := —H; ' My does the job
because S € Z/H*® and

= I:IiNNV — VMyéy = HiNNV — VNy e L.

Proof of Lemma 5.2.3. We have
[éy I] = My_l [Ny My]

The right invertibility of [Ny My] implies that I\;Iy_ Uis causal if éy is causal.
Now, it is given that I-\IiNZ\;IV — V1My € zZ/H™ and 1’-\11N1\;IV - VQMy e Z/H™.
This implies that (Vz — Vl)My € z/H™ and so that \72 — Vl is [-causal as A;Iy‘l is
causal.
Smce V1 and V2 arein L* and are samplers this implies V2 V1 el? [30] So,
V2—V; e L? and [-causal. It means V2—V; € z/H?. Hence, pr0JLz\Zle(V1 V2) =
0. O

Proof of Proposition 5.2.4. Given condition 1 of Proposition 5.2.2, it follows from
Equation (5.80) that [|Gell = is finite iff Gep := H Gy — HySGy € L™.

Given condition 1-3 of Proposition 522, Ny = H. ”1(7\, VI(fy e L. We
now show that every solution S e z/H* has the form (5 2) Let $ €z 'H* such
that GC e z/H® (see Remark 5.2.1). Let GehO = H GV H, SGy Clearly

GehO e L*® and Hi Gv = Hi NV — Hi Mva = Nh — MhGy by Proposition
5.2.2. Therefore,

Geno = H Gy — HySGy
éeho—NhZ—MhGy— OSéy

Since —MhGy H, Séy is [-causal (as Mh + I-_IOS' € z/H*®) and GehO — Nh e L™,
we have Geno — Ny, € 2/ H*. Hence,

WnGy + oSGy € 2
Using éy = I\;Iy_ll\uly and My, + H,S € z'H*®, the above implies

(M + HoS) [Gy 1] = (My+ HS)M;' [Ny My] € Z/H®
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This implies (M, + I:IOS)A;IY‘ Ie Z/H™ as []Vy My] is right invertible in H*.
Hence, we have that the S’a defined as
= (M + HoS)M;!
is in z/H*®. From this S, the sampler S follows as
S = Ho_l (—Mh + SGM),)
On the other hand, if § := H; 1(S My — My) where S, € z/H™ then clearly
S e Z/H®, Gep _H GV—HSGy = Ny — S, Ny € L™ and Ge e L™ (given
all conditions of Progosmo_n 5. 2,2 are sat1§ﬁed)
In the end using S := Ho_1 (Sa My — My), we have
Ge = Gy — HSGy = Gy = Fi(Su bty — M) Gy
= év + I:IiMhéy — [:]igaﬁy
Note that Mj, := I-\IiwlludV - VMy depends upon V which is not fixed. Therefore,

S and Ge depend upon V and S,. This may (wrongly) suggests that the parame-
terization of $ and Ge given in (5.2) and (5.3) is in two parameters. However, we
will show now that the parameterization of S and Ge i is in single parameter. Any
V eL® (also 1mpl1es Vel? [30]) satisfying My = H M, — VM € 7/H*® ca

be represented as V= prOjLz\zsz v+ Proj_ip V. Therefore,

Since pI’OjLz\Z[Hz V is unique by Lemma 5.2.3, S is still parameterized by a new

single parameter S, + proj IH2 V e z'H™. O

Proof of Proposition 5.2.5. I\MIyl\v/yN is stable (by construction) and rational (As-
sumption Aj). Also NyNy“ has no unit circle zeros (Assumption A4). Therefore,
NyNy™ has a spectral co-factorization WW™ where W is bistable and bicausal
in H® (see e.g. [68]). This means W‘lﬁy is co-inner. As éy = A;I_ll\?y =
(W 1My) (W 1Ny) we have a coprime factorization of Gy with coprime fac-

tors W™ lM and co-inner W~ 1Ny In the rest of the proof we assume that N is
co-inner w1th0ut loss of generality.

By Proposition 5.2.2, there exists a solution to the stabilization problem i.e.
there exists an S € z/H® such that G, € L™ iff all conditions of Proposition 5.2.2
are satisfied.
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As R := Hi . _ | satisfies R~ R = I, we have
1 — H;H.

1
1Gy = H8G, 2 = IRGy — REGALSGy 2 = H [Hi Gy = ﬂOSGv}
HHGV

L2

Therefore, ||(“}V - I:Iﬁéy [l 2 is finite iff ||Hi”év - HoﬁéyHLz and ||Hﬁév||L2 are
finite. Since I-\Iiw(u}v — I-_IOSGy e L* (by (5.80)) and is a sampler, it belong to L2
also (by Lemma 2.4.6). Therefore ée e L2 iff Hﬂév el?.

Since S € Z/H*® and all conditions of Proposition 5.2.2 are satisfied, by Propo-
sition 5.2.4 we can parameterize S and G, € L in term of S, € z/H™ as given
in (5.2) and (5.3) respectively. Define

S’g ;= arginf ||év + I:IiMhéy — ﬁiﬁaﬁyu.

Sqez! H®

Since G, € L2, we use projections to say that S, must satisfy the following:

(Ger BiSuy) = Gy + Bl Gy — B8, Ny BiS, )

= (ATNNy =V =5,,8,) =0

for all S‘a € z/H2. This can be achieved if we take S’U = S’a,op[. In particular

(Gt FiSoneliy) = (G BiGy = By S Vy) = 0
Therefore (by Pythagoras theorem),

Gy + HiMyGy |12, = 1Gy + HiMnGy — HiSq optNy |75 + | HiSuopt Ny 17

= |Ge.optl?2 + ll HiSa.optNy 7

Since I:Ii is inner and Ny is co-inner, we have (5.6).
Since H " NyN; = V € L® N L2, the Sy op of (5.5) is in L N L? as well.
Hence Sopt eL®NL2 O

5.B Proofs of the results in Section 5.3

Proof of (5.15). . We first write Kg (7, o) in such a form where we do not have to
worry about order of ¢ and 7 as required in (5.14). Note that

C(1)e""25'Qe™"7 B(0) = C(r)e" E5' (Q + Te" — Ye'™)e ™7 B(o)
= C(r)e" 25 (Eg — Te')e " B(o)
= C(0)e" """ B(0) — C(2)e* E5' e "7 B (o)
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Similarly,
C(1)e’ 25" 1" B(0) = C(2)e* ™7 B(0) — C(r)e* 25" Qe B(0)
Hence,
h T
/ KG(r,a)u(a)daz/ C(r)eATEélﬂe_AaB(a)u(a)da
0 0
h
—/ C(r)eA’EélTeA(h_”)B(a)u(a)da
T
T
:/ C(1)e* "™ B(o)u(o)do
0
T
—/ C(r)eAfE_C_/lTeA(h_")B(a)u(a)da
0
h
—/ C(r)eATEélTeA(h_”)B(a)u(a)da
T
T
:/ C(1)e* =) B(o)u(o)do
0
h
—/ C(r)e* 25" e "= B(o)u(o)do.
0

Similarly,

h h
/ Kg(t,0)u(o)do = —/ C(1)e* ) B(o)u(o)do
0 rh
+/0 C(r)eATE;Qe_A”B(a)u(a)da.

Therefore, using the above expression of Kg(7, ¢), the output y(z) can be written
as (5.15). |

Proof of Lemma 5.3.6. For any y = Gu, y; € L?[0, h), we have

(y1,¥) = (y1, Gu)

h h
=/ <)’1(T), (DM(T) -I-/ Kg(r,a)u(a)da)>dr
0 0

h h h
_ / (1(2), Du(e)) dr + / <y1(r), / Kg(r,a>u(a>da>dr
0 0 0

h b ph
/(D*yl(f),u(r))dr—i—/ / (yl(r),Kg(r,a)u(U))dadr
0 0 Jo
(

/Oh D*yi(7), u(r))dr —I—/Oh /Oh <Kg(r,a)y1(f),u(a)>dadr
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h h h
/0 yl(r),u(r)>dr +/0 </0 Kg(r,a)yl(r)dr,u(a)>da

h h h
= D yi(7), u(r))dr —I—/ </0 Kg(o, T)yl(o')da,u(r)>dr

h
:/ <D*y1(r) + Kg(o, T)yl(a)da,u(r)>dr
=(G"y1, u)
where G*yy(z) := D*yi(z) + [ [ Kg(o, t)yi(0)do. Clearly,

B*(a)e—A*m*E;*eA*fc*(z) 0<t<o<h

K s = * *
g, 7) [—B*(a)eA =07+ 25%eA " C*(x) 0<o <7 <h

where E(’_‘; = Q* + e Y* Hence,

| B* (o)™ QrE et eI CH(r) 0<1 <0 <h
Kg(o’, 1) = * —A%0 QA h g —* LAY T
—B*(0)e e TTTESTe C*(7) O0<o<t<h
Now,
. c*
g* = |: —B* | D* ][eA*hT*—;;—* Q*:—*eA*h]
=g =g

as

Eg — A hnr*v—-—* +Q*v——* A* h(e A* h) gag* -1
This implies G* is a well-posed system. By Corollary 5.3.4, the above G* is equiv-
alent to the following system

. cr
G; = | gt ]m .
where [T; Q;] has full row rank, iff there exists an invertible matrix S such that
Y= SeA*”T*Eg* (5.81)
Q) = 5Q* Eg*eA*h. (5.82)
Now,
YH+ Qe —A"h — gAY g —5* +Q*”—*) —

To show that § is invertible, consider [Y} €%] which has full row rank. This
implies there exists a non-zero matrix K such that

[ ek =1
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This implies
A s m—* xm—* JA*h _
S[e T Eg Q Ege ]K =1

Since S is square matrix, the above equation says that S is invertible.
Substituting the value of S in (5.81), we have

TIQ = Q5Y*

Therefore, G, = G* iff QY; = TQu. We now show the existence of such Yy
and Qg . Since [Q T] e C"*2" hag maximal row rank, dim(Ker [Q T]) =n.
Hence there exists a matrix M € Ker[Q Y] C C2n*n guch that

[@ Y]M=0

Partitioning M, we have
Yo |
BRE
Proof of Lemma 5.3.16. If it € L*>(T), we have

Voo
—/ / lii(e; o) |3dodb < oo
2z - JO

This implies at almost all 4,

. h .
nmww&=Anm¢mm@a<m

Using [15, theorem 0.10], we have

. h - . o .
W@W&=AHﬂWnMMSCw@W@
at almost all . Now, we have

< r [ ..
I3 = 1713 =5 | 17 @340

1 T .
< — Clit(@9)]12do
_M/;uw)m
= Clil)3

2
= Cllullz
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Clearly,
2
If15 <cC

5 <
l[uell3

Therefore 7 e L*™°.
Using Lemma 2.5.8, 7 is causal. Therefore, 7 € L* implies that 7 € H*°.
O

Proof of Lemma 5.3.17. Since B € C2([0, k), C"™*™), we have that the integral
Oh B(o)B(c)*do is well-defined in C"*". Therefore,

h
/ e~ B(c)B(o)*er =) dg
0

is a well-defined matrix (note that eA("=9) is a bounded function). Similarly, it can
be proved that

h
/ e TC* (1)C(1)e" dt
0

is a well-defined matrix. Since both of the integral above are non-negative, there
exist matrices B and C of the form given in (5.29).
Since D is a constant matrix, we have that

G eH® — G, eH®

where él is a system with STPBC

5 B A | B(o)
Gi(2) = [W}T} Q@) T©)]

Now using (5.15), we have
G eH® & X—-Y eH®
where

)?(z)ft(z) = C(r)/f eA(’_”)B(a)IZ(z; o)do, 1t €l[0,h)
0
h
Y (2)ii(z) := C(1)e?" (Q2) + T(2)e) ™7 (2) / e B(5)ii(z; o) do.
0

As e is a continuous function, therefore, eA(’_”)IL(r — o) is bounded for all
7 € [0, h) and ¢ € [0, h). Here the step function 1(z — o) is 1 whenever 7 > ¢
otherwise it is zero. Along with boundedness of B(c)Vo € [0, h) and C(7)V7 €
[0, &) this implies X e H® by Lemma 5.3.16. Hence,

G eH® < Y eH™
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To check whether Y e H®, define a zero order hold C as
¥@) = C@ik) : (1) =C(r)et %) (5.83)
Clearly, C*C is a static discrete system given by
cc=cCrC

Define a zero order hold VL := CC™ where C™ is the pseudo-inverse of the matrix
C. Clearly VNVL = CC7 i.eitis an orthogonal projection onto Im C. Hence, Vi
is stable Smce VL is causal (see Lemma 2.5.8), we have that VL e H. Also, we
have VL V C=C.

Define a sampler B as
. h
70 = B@I@: 50 = [ M 50)i a)do (5.84)
0

Also, define a sampler Vg := B+ B where B is the pseudo-inverse of the matrix
B. Clearly, VRV = B*B ie. it is an orthogonal projection onto (Ker B)*t.

Hence, VR is sta/bl/e. S/mce \{R is causal (see Lemma 2.5.8), we have that VR € H*.
Also, we have BV Vg = B.
Therefore, using VL V; C =Cand BVR” VR = I§, we have

Y =V Y Vg

where Y := V;"Y V" is discrete system given in state-space as

_ Al | B
Y = =
c |0

Here, we used
(CH)*C™C =(CH)'C*"C =(CCT)'C=(CCHC=C

BB~ (BY)* = BB*(BY)* = B(B*B)* = B(B*B) = B.

which follows from the fact that CC +and BTB are orthogonal projections.
Since V vV, = CCH, VRV = B*B and VL , VR e H* (follows from

lemmas 2.5.3 and 2.5.6 and stability of VL, VR), we have

Y eH® & Y eH®

Proof of Lemma 5.3.25. Using (5.15), we have

G=D+Y
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where
. h
Y (2)ii(2) := C()e?" (zI — TeAh)_lT/ A"~ B(0)ii(c) do.
0
Since e~ 1(r — o) € L0, h) x L*[0, k), B € L*[0,h) and C € L*[0, h),

we have that D e H? by Lemma 5.3.21. Since Dis static, we have that ||D||22 =

HIDIs-
Since G(z) is causal, Y (z) is also causal. The formal series of causal Y (z) has
the constant term

lim Y (z) = 0.
>0

Therefore, if G € H? then by orthogonality between D and Y in the space H2, we
have

IGI2, =SBl + 17117,

H2_

The integral form of ||D|| 77¢ can be obtained by using || D|| s = =tr DD*.

Define a static hold VL = CC™ ar\1d a static sampler VR = B+B where +
denotes the pseudo-inverse operation, C is defined in (5.83) and B is defined in
(5.84). Now proceeding as in the proof of Lemma 5.3.17, we have

1Y llge = VLY VRl = 1Y |-

5.C Proofs of the results in Section 5.4

Proof of Lemma 5.4.2. Due to observability of (Cy, A), there exists an L such that
A + LCy is Hurwitz [71, theorem 3.1]. Define L; := [0 L]. Now using output

injection, the left coprime factorization of G = |:g{| is M~ N where
y

o 1| A+LiC|B+LiD L,
[~ M]_[ zC | zbD z}

where C and D are defined in (5.40) and Z is an invertible complex matrix. As
a special case we choose Z = diag{/l, Z,} where Z, is an invertible complex
matrix. Partitioning the output according to G, and éy and substituting the value
of Ly =[0 L], we have

A A+LCy |B4+LD, 0 L
[VVM}_ G, 0 T 0
v, Z,C, ZyDy '0 Z,
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v I M
Clearly M has a fi V| and
early as a rorm |:O Myj| an

. A+LC, |0 L
M= [é Z] - C, ‘ 7 0
y zZ,Cy |0 Z,

The controllability of the pair (A, B) helps in the construction of Bezout factors
of N and M. The construction of the Bezout factors is quite standard (see [70,
Chapter 5]). My, MV, N and N belong to H* because e(A+LCYA g Schur (see
Corollary 5.3.20). O

Proof of Lemma 5.4.3. Note that Ny is an LCTI system with state-space

I _[AJrLcy | B+ LD, }
g ZyCy | ZYDY '

where A + LCy is Hurwitz. Now, if we have Ny (e)N; (&) > 0V6 e [—x, 7]
then NyAJ” > 0 and Ny (jo) Ny (jo)™ > O for all @ € R including co. Here, Ay is

the system Ny in time domain and Ny is the system Ay in the (classic) frequency
domain. As Z, is invertible and A + LCy is Hurwitz, Ny(jo) Ny (joo)™ > 0 for all
o € R including oo iff Dy has full row rank and

A+LCy—jwl B+LD,] [I L [A—jwl B
Z,C, z,p, |70 z]| ¢ Db,

has full row rank for all ® € R. O

Proof of Lemma 5.4.5. The proof is quite standard, for completeness it is given
below. Let AL := A+ LCy and By := B + LD,.

. |:AL M —A3 | (Z,Cy)" ]
Ny
¢ 1o |l =8 [@Dby

AL —BrB] | BL(ZyDy)*
= 0 —A7 (Z,Cy)*
C, 0 ] 0
Applying a state-transformation (I) ] and using A, X + XA] + BB} =0

and B (Z,Dy)* + X(Z,Cy)* = 0 (follows from Lemma 5.4.4), we have

[ AL ALX 4 XA} + BLB: | BL(Z,D,)* + X(Z,C,)*
NoM 0 —AY (Z,Cy)*
e —C,X | 0
T AL 0 0
| o -ar } (Z,Cy)*
| ¢, —CX| ©
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_ —AZ ‘(Zycy)*
L -Cux] 0

Proof of Proposition 5.4.6. Define H,(z) := Cy Hy(z). Note that
H™(2)H(z) = Hy(2)" C};Cp Hy(2) = H(2) Hey (2).
As EeAuh is Schur (Assumption Ag), Flg(eje)lflm(ejg) > O0V0 € [—m,x]is

equivalent to say that the matrix

R(E’) = [EeA”” —ef1 EeAH”BH:|

Cu CnBu
has full column rank for every 8 € [—x, 7 ]. Now, R(ej(’) can be written as

EeAuh _ if BH} [1 BH}

o [Eehh '
R(ej)_[ o 0 o1

. I B .. .
Since [O ejHHIi| is invertible for all # € [—x, 7 ], we have that

. Agh _ ,j0
rank R(el’) = rank Eett” — el B (5.85)
Cy 0
for all & € [—x, w]. Now, the proof of equivalence of condition 1 and 2 is well

known and the proof of equlvalence of condition 2 and 3 is essentially glven in [32,
Theorem 4.1]. Note that if H = H;H,, then aspectral factor W(z) of H~ (z)H ()
is Ho and if W(z) is a spectral factor of H™(z)H(z) then Ho(z) = W(z) and
Hi(z) = HQW™(2).
Now, we prove the equivalence of condition 2 and 4. Note that
H.(z) = CyBy + Cy(zl — Ee*#My~1EeAul By
= Cp(zl — Ee*#M~1 (21 — Ee*i 4 EeAnM) By
=zCp(zl — Ee*")~1By.

This implies,

_ _ 1 -1 )
Hcs (Z)Hcs(Z) = B;.[ (El - (EeAHh)*) C;ICH(ZI _ EeAHh) IBH~

Using the above equation and [32, Theorem 4.1], the existence of the spectral
factorization of H™ (z)H (z) = Hg (z) Hes (2) is equivalent to 4.

Now, we prove the equivalence of condition 5 with the rest. Note that H e H®
is the same as H € H*. Condition 1 says that H is left invertible in L®. Therefore
by Parseval, H : £> — L? is left invertible. Now,

lilla = IH " Ha| < M5 e 1 Hill2
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where H L is a left inverse of . In this case, condition 5 holds for € = ||H || .
On the other hand, if there exists an € such that

IHitll2 > elli]l2 Vil € €2,
then by taking lifted z-transform we have
IH3 @) ]2 > €3Gl

This implies that H is\left i_nve\rtib_le in L (see [47, lemma 4.47, 4.48(b)]). Hence,
H, (e H,s(el”) = H™(el?)H (i) > 0 (condition 3). This again is equivalent to
condition 1 as proved earlier. O

Proof of Lemma 5.4.8. 1f Ag is satisfied, then F = 0 makes (E + By F)e?#"
Schur. However, there may be many such F’ other than zero. The state equation of
the Hold H can be written as

X(t) = ApX(c) + BuJoril, 2%(0) = EX(h™), 7 €[0,h)
¥(7) = CuX(z)

Using the standard trick of state feedback for constructing coprime factors, we
define

Therefore,

X(t) = Ak (t) + BuJo- (0 + FX(07)), z¥(0) = EX(h™), 7 €l0,h)
¥(x) = Cyi(z)

Now using Lemma 5.3.31, we have

X1(t) = ApX1(t) + BuJo-d,  2(%1(0) — By F%(07)) = EX(h7)
¥(z) = Cuii(z)

Now, consider the boundary condition
z2(X1(0) = By Fx1(07)) = Ex{(h™)
= =00~ L BaFR ) = B ()
= X(0)=Exi(h")+ BuFxi(h™) = (E+ BuF)xXi1(h7)

Now, ii = Myb, § = Nyi. Since F is such that (E + By F)e*#" is Schur,
therefore My, Ny € H* (see Corollary 5.3.20).
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The mapping Mﬁ ! from i to & is given by

M (2) =[ 1AH | B Jo ]
1 *
= F ‘ I [zl —E]
Since EeA#" is Schur (see Assumption Ag), discrete system Mﬁ Uis in H® (as

1\_4}_, ! (z) is analytic and bounded in C\ID). Now, we have
My'My +ONyg =1
Therefore, My and NH are right coprime. O

Proof of Lemma 5.4.10. For some invertible complex matrix Z, our aim here is to
make NHZ an inner matrix i.e (NHZ) NuZ =1. By Lemma 5.3.6, the conjugate
of the Ny is the sampler N with

Ch

H 0+ *
_BH 0

j|[Z(E + By F)* —1] .

To find the Z such that (NHZ)”NHZ = I, we first consider

— A%, c;,cH‘ 0

Ni@Nu@ =75 | 0  Au | By Tor
—-Bj, 0 |0 [ZQ() To]
_[(E+BuF) 0 1 0
where Qg := |: 0 I and Yy = 0 E+BuF|

Applying a time varying state transform 7' (t) = |:(I) Ql(t)i| where Q(t) sat-

isfy the differential Lyapunov equation
0(1) = —A} 0(1) = Q) Ay — C}Ch, (5.86)
we have

. . —Ay 0 ‘ Q(t)By
NI:IV(Z)NH(Z) = j(; 0 Ay By Jo+

—Bi BRe®W | 0 droir-10) ror-i()

Now, the boundary condition of Nﬁ (2)Nu(z) is given by

(E+ByF)* 0|1 -0 I 0 I -0
< 0 I{lo 1 “lo E+ByFllo I
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which can be rearranged as

[Z[(E+BHF)* —(E+BHF)*Q0} _[1 -0 H
0 1 0 E+BgF||

Here Qg := Q(0) and Qj, := Q(h). To decouple the boundary condition (meaning
block diagonal here), pre-multiply both side the above by

S'-[l (E+BHF)*QOj|
10 1

Pre-multiplication with S does not change the system (see Corollary 5.3.4), there-
fore we have the boundary condition

[Z[(E+BHF)* 0} _[l —Qh+(E+BHF)*Qo(E+BHF)H
0 1 0 E+ BgF

The condition
(E+ BuF)*Qo(E+ByF)—Q,=0 (5.87)

will lead to decoupled STPBC.
From Lemma 5.4.9, the solution of (5.86) with initial condition Q(0) = Qg is
given by

0(1) = R1(t) Qo R} (t) — R3(1)

where R (t) := e “u’, and R3(t) := 0
decoupling condition (5.87), we have

— * p— .
e AHSC;ICHe AHS ds. Now using

Q(h) = Ri(h)QoR}(h) — R3(h) = (E + By F)*Qo(E + By F).
The above equation can be written in Q¢ alone as

Qo = Ri(W)™" ((E + By F)*Qo(E + By F) + R3(h)) Ry (h)™*
= Ri(h)""(E 4+ BuF)*Qo(E + BuF)Ri(h)™* + C};,Ch (5.88)

As (Ay, Cp) is assumed observable (Assumption .Ag), C;} Cy > 0[71, theorem
3.3]. Also, (E + By F)R((h)™* is Schur because F is assumed to be chosen
that way. Therefore, there exists a unique solution Qg > 0 of discrete Lyapunov
equation (5.88).

This value of Q¢ renders

—Ay 0 Q(t)Bu

Ny @) Nu(z) = T 0 Ay By Jo
—-By Bpo®O[ 0 [0 o]
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with decoupled boundary condition. Next, we look for a matrix F such that
Ny (z) Nu(z) is a static (and invertible also) discrete system. Using Lemma 5.3.30

N§ (@2)Nu(2) = — Bj;(z(E + By F)* — e 4" 12(E + By F)* Qo Bu
+ B} Q0(zl — (E + By F)e ") ~1zBy
Since,

B} Qo(zl — (E + By F)e*")™'zBy
= B} Qo(I + z ' (E 4+ By F)e*t" (I — z7'(E 4+ By F)e*t")~ By
= B};Q0By + B};Qo(E + By F)e*#"(z1 — (E 4+ By F)e*"") ™' By

This implies that if we choose F such that B}, Qo(E + By F) = 0, then

N{ (2)Nu(z) = B} QoBu

which is a static discrete system.
Since Qp > 0 and By has full column-rank, the matrix B}, Qo By is invertible,
hence

F = —(B};Q0Bu)"'B}; QoE

and NH(z)(B}; Q0B H)_% is the desired inner factor.
To prove that F = —(B};QoBu)~' B}; QoE makes (E + By F)e#" Schur,
we substitute this value of F in (5.88). Hence,

(E+ ByF)*Qo(E+ ByF) =E*QoE — E*QoB:QoE
— E*QoBxQoE + E* Q0B Q0B QoE
=E*QoE — E* Q0B QoE

where we used By := By (B}, QoBy)™! By, and that B, Qo By = By. Therefore,
Qo =Ri(n™'E*(Qo — QoBr(B}; QuBr) ™" Bj; Q0)ERi(h) ™™ + C};Ch

By Lemma 5.4.7, Assumption .43 is satisfied as assumptions A¢—Ag are satisfied.

Now, if Assumption .43 is satisfied then there exists a unique solution Qy such that

(E + By F)e?#" is Schur matrix (see Proposition 5.4.6). O

Proof of Lemma 5.4.11. Note that Cpisin HOo as it is causal and its hold function
is in L? (see lemmas 2.4.7 and 2.5.6). Also, Cy Ch is a discrete system given by

h
C;Cuy=CyCy =/ eAHTCyCpettt dr. (5.89)
0
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Hence, VH = C HC_‘;. Note that matrix Cpy is a finite domain operator (hence
closed), therefore (C};)* = (C})* and Cy = (C;)*(C;Ch) [5, lemma 4.1].
Now Vg Vpy is a discrete system given by

Vi Vi = (C)*CpCuCl = (C})*CyCuCiy = CuChy

Ther_efore, V; Vﬁ is an orthogonal projection onto the space (Ker V; \\/H)L =
Im OCH' Since OCH is a static discrete system, it is in H*°. Similarly, we have

VuVyCn = CyCh(CH)* ChpCn = CyCH(CH)*CyCh
— eyl
It follows from (5.89) that (Ker O_CH)l = (Ker C‘H)l. Since the static discrete

system C_’IJ;C_' g is an orthogonal projection onto (Ker O_éH)L = (Ker C )T, we
have

VuViyCn = CuC}iCy =Ch. (5.90)
Therefore, VH Vg maps the Im C g to itself. Now, from (5.46) and (5.90) we have
ViV B = Vi Vi Gy = Culy = B,
Now,
ViH = (ChyCyH = (C) T CyCpH, = Cp, = A,
O

Proof of Lemma 5.4.14. 1f assumptions Ag—Ag are satisfied then H; and H, in
H® exist (see Lemma 5.4.7). Now, using Lemma 5.4.11, we have

H = VyH,.
Similarly, using lemma 5.4.10 and 5.4.13, we have
B = Fifly = Vit s F
Therefore, we have

Vi Hes = Vg Hies

Since V; Vy is an orthogonal projection onto the space (Ker V; ‘\/H)l =ImCy
(see Lemma 5.4.11), we have

Hcs = Hics Ho-
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Proof of Lemma 5.4.16. Using (5.55), we have
(I — HH )Gy e L® &= (I — VyHH:V;)G, € L®
Since VI; Vg is an orthogonal projection onto the space (Ker VI; \\/H)L =ImCy

VN
and N is inner, we have
= VH Vi

(I — HHH )Gy e L® Vi (I — VyHHIV)G, € L®
I — VHV
vy — Hes Hif vy o e L
I — VHV

Since VH is a zero order hold, VH and V; are causal (see Example 2.5.5).
Therefore, if Gy is causal then - VH V;)év € L implies (I — VH Vg)év €
H®. O

Proof of Lemma 5.4.21. Since D8, defined in Lemma 5.4.19, is invertible and sat-
isfies DSCy By = |:(I)], there exists a matrix X such that

. H+717! _
(D§)_l = |:gj_i| = [CHBH X]

. . . HE .
Similarly, as D?$ is invertible, the system |: H‘j] has an inverse

cs
fifc’s]_l— EM | By Le \_igp o
[Hc% B Cy ’éHBH X = Pl

B EeAHh L FL7-! _
where P := ( = a ) The systems |:P—I“i| and P are in H* because

Cu | X HE
Ee”#" is Schur (Assumption Ag). Multiplying both sides of the above by I —

Hs H, we have

-1
_ HL - - -
(- HLSH+ |:Hj_j| = - HCSH;;) [Hcs P]

Note that existence of I-_I T in L™ is guaranteed by assumptions Ag—Ag. As (I —
H“H )HCé =0, the above implies

—
(I - Ao [Zﬂ =0 W]
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where W, 1= (I — HCSH )P Therefore,
_ HL -

(I = HesHY) = [0 We] [ } = Wes Hy;

Since P and (I — mH+) are in L, we have that W, is in L™,
To prove that W, is left invertible consider
AWy = A1 — A, )P
=H:ip=1

This implies Hcls e L is a left inverse of W,,. O
Proof of Theorem 5.4.23. From Lemma 5.4.16, we have

(I — Hcfﬁg)fr

[ — HH )Gy e L® & H|G, eL®
( 11) v [ I—VHV[’_; } v

Using Lemma 5.4.21, we have
(I — HsHHVE Gy e L® &= W HiV;Gy e L™
e HiV;G,eL™®

where we used the invertibility of the system W, in L* in the last step.
Note that V and VH are causal as VH 1s a zero order hold (see Example 2.5.5).

Since GV, VH, V and Hl are causal, the systems H VH GV and (I — VH VH )GV
are causal as Well Now the results follows from the fact that a causal and stable
system belong to H*. O

Proof of Lemma 5.4.26. Using (5.15), we have
éu(Z) = 7Vwa (2) + 7‘;b (2)

for the mapping T, and T} defined as
T
7o) = / Cae ) Bit(z: o) do
0
o h
T (2)ii(z) := Cpue (I — eA“h)_l/ eA“(h_”)Buﬁ(z; o)do
0
Therefore,
~ o - h *
Vi T i) =(Cj* / AT L o™ de
0

h
x (z1 —eA“h)_l/ A= B ii(z; 6) do
0
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h
=(c;;)+Pu(zz—eAuh)—1/o eh=9) B ji(z;0) do

o[t
o (C )* Py ‘ 0 [z[ —I]

i(z)

Clearly eA«("=9)1(z — ¢) is bounded on 7 € [0, h) and o € [0, 7). By Lemma
5.3.16 this implies, 7, € H®. Since T, € H*® and V € H* (as VH is a zero

order hold), we have that VH Ta and (I — VH VH )Ta belongs to H*. Therefore,
(I —VyV;)Gy e H® & T, — VyVy;T, € H®

Now using (5.15) again, we have
(T5(2) = Vi )V (T(2))ii 2) = T2(2)ii(2)

where

To(2)ii(2) 1= (Coue™™ = Cue™ (€Y (C3)* )

h
(zI — eA“h)_l/ eA”(h_J)BMIZ(Z; o) do
0

To check whether Tg belongs to H* or not, we aim here to find a discrete system
which is in H* iff 75 is in H*°. To this end, define a zero order hold C, as

7@ = CL@IQ@ 3@ 1) = (Coue™ — Cuet™ (C) (Ch)* ) ()
Clearly, C 7 Cy is a static discrete system given by
C;CrL =C},Cou— PICH(Ci) P, — PICH(Ci)T P,
+ PiCHICI T (CHCMCH(CI)T Py
Since C +C_’ # is an orthogonal projection onto the space (Ker Cy)* and (C_‘;,‘{)Jr =
(C )*, we have that
CCr(CH(C™) = CHICHT and (C;)FCH(CHCly) = CuCH.
Therefore,
Cii ((CRTCI(CuCH) (Ci)T = CHCHCHEC*
= (CLC)CH(Cipt
=T
Hence,

C;CL=C;Cp



5.C. Proofs of the results in Section 5.4 187

where C is a matrix which satisfies
C;CL=C},Cou— PICHL(ICINT Py

Define a zero order hold VL = C‘L C‘zr where C_‘zr is the pseudo-inverse of the
matrix Cy . Clearly V Vi =C LC i.e it is an orthogonal projection onto Im C;. .
Also, we have VLV CL = CL

Define a sampler B, as

h
5Q) = Bui@): 5 = /0 A=) B ¥ (2: 0)do

Also, define a sampler Vg = B B, where B is the pseudo-inverse of the matrix
B,. Clearly, Vi VR = B} B, ie. itisan orthogonal projection onto (Ker B,)™.
Also, we have B V VR = B
Therefore, using VL VL CL = C'L and Bu VRN VR = BM we have
T, = Vi ToVk

where T := 175 T Vg is discrete system given in state-space as

_ eAuh Bu
T2 = =
Cr 0

Here, we used
(CH'CLCL=(CH)*CiCL=(CLCH*CL=(CLCHCL=C,
BuB; (B})* = BuB;;(B;)" = Bu(B} B,)* = Bu(B;f B,) = B,
which follows from the fact that C; C Z— and B;L B, are orthogonal projections.
Clearly, VLN s VI'{ € L™ and they are causal (see lemmas 2.5.3 and 2.5.6),
therefore VL” , VR” € H™.
Since VLN vV, = C.C; and VrVy = B+ B and C.C; and B} B, are orthog-
onal projections, we have that
fz e H® Tz e H®

Note that if (A, B) is controllable then (e”, B,) is controllable (see Lemma
5.4.25). Then T» € H® iff C, = 0. Now, C; = 0 iff C* CL = 0, which is
equivalent to C}',C,y — PC}(C3)T P, = 0. Note that C, (C )T =(CyCm)*
because C # 1s a closed operator [5]. O

Proof of Lemma 5.4.27. If assumptions A7—Ag are satisfied then H: € H® ex-
ists (see Lemma 5.4.19). Now, similar to the proof of Lemma 5.4.26, we have

AV G, e H® & HLV;T, e H®
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where
_Au | Bu ]
~Cipth ] 0

Vi @Tr) = Jg [

Also similar to the proof of Lemma 5.4.26, we have
HiV;G, e H® &= HIT e H®.

where T is a discrete system with state space

] M| B,
T = =
- (C;)-’_Pu ‘ 0

Using the above and the state-space representation of I-_Ié given in Lemma 5.4.19,
we have

A —Bi(Cip)* P | O
HIT = 0 gAult B,
—~DiCy —-DHCytP ] 0

where A; := EeA#" — EeAth By DY Cy — LosD-Cp and By := Ee*#"By Dt +
= I X
L.sD*. Apply a state transform |: 0 Il :| such that

ArX) — XMt 4 B(Ci)T P, =0 (5.91)

Note that the eigenvalues of E eAuh _ FeAnh By Dt Cy which are unobservable
from D1 Cp are the invariant zeros of the H (see Lemma 5.4.19(3)). Therefore,
by Assumption Ag and the suitable choice of L. (see Lemma 5.4.19), A; and
e« have no common eigenvalues. Hence, a unique solution of the Sylvester
equation (5.91) exists. The state transformation leads to the following state-space
representation of H:T.

Aj 0 Xl__u
HiT = 0 eAul B,
—DiCy DLCux;—DLH(Cy)tR.| 0

Note that if (A, B) is controllable then (e", B,) is controllable (see Lemma
5.4.25). Then the right hand side of the above is in H* iff all unstable modes are
un-observable. As all unstable modes of A; are already unobservable from D+ Cy,
we have that H VI; Gy € H™ iff

DiCyX; — D (Cy)T P, =0. (5.92)
X; happens to be independent of L if I-_Ij VI; Gy € H®. This is shown below.

ArX; — XMt 4 B (Ci)T P,
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- (EeAHh — Ee*h By DY Cy — LCSDLC_‘H) X, — Xjeth
+ (Ee*" By DY + Loy DY) (Ci)T Py
= (EeAHh —_ EeAHhBHD+éH) Xl + EeAHhBHD+(C_‘}k{)+PM
— Le (DléHx, - bl(é;;ﬁpu) .
If HLV;; Gy € H* then using (5.92), A X; — X;e™" + By(C%)T P, equals

(EeAHh _ EeAHhBHD+éH) X, + Eerih By DY (CI) TP

O
Proof of Lemma 5.4.36. We have
. 5 —Ay CcyCy, |0
H™ ()M, (2) = T 0 A+LC, | L
—(BuZ) 0 |o [, —I]
and
L —A} —P(t)LC, | =P(z)L
—V()My(z) = j()t 0 A+ LC, L
—(Bg2)* 0 |0 [Zﬂp —I}
where Q) := (E+ByF)" 0 . Hence,
0 1
) —A% CyCy, — P(r)LCy | —P(z)L
Mn(z) = Ty 0 A+LC, L
—(BuZ2)* 0 |0 2@, —I

I Pi(7)

0 ] :|, where P (7) satisfy

Using a time-varying state transform 7'(7) = [

Pi(t) + A} Pi(z) + Pi(r)(A + LCy) + C}C, — P(1)LCy =0,
Now, we have the boundary condition

[Z [(E +BuF)" —(E+ BHF)*Pl(O)] _ [1 —Pl(h)ﬂ
0 1 0 1

Py (h)i|
0 I ’

Decoupling the boundary condition by premultiplying with matrix [1

we have

[Z[(E+BHF)* —(E—}—BHF)*Pl(O)—Pl(h)] _[1 OH
0 I 0 I
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Therefore (E + By F)* P1(0) = — Py (h), would guarantee de-coupled states.
If we take P(t) = P(t), we have

P(t)+ A4 P(t) + P(1)A + C};C, =0,

with boundary condition (E + By F)* P(0) = — P (h), which we know is true by
(5.64). Hence

—A% 0 0
My (z2) = .7(;1 0 A+ LC, L
—(BuZ)* —(ByZ)*P(r) | 0

[ZQ,, —I]
_j*[ A+ LCy |L}
= Jo+ —(BHZ)*PO | 0 [Z[ _[}

L L

where we used 7'(7) [_P(T)Li| = [0] Since A + LCy is Hurwitz, e A+LC)N g
Schur. Therefore, it follows from Corollary 5.3.20 that Mh e H*™. O

Proof of Corollary 5.4.37. Using Lemma 5.4.5, we have

A ()Ny )Ny (2) = V(2)

i
= jot P (Zycy)* - V()
L Cp | 0 [zQp —I]
Y 0 0 —P(T)LZy_l
_7 0 —A% —-CyCyX 0
o 0 0 —A7 (Z,Cy)*
L —(Bu2)" —(Bx2)* 0 [ 0 [ 1]
where
(E+ BgF)* 0 0
Q= 0 (E+ByF)* 0
0 0 I
I 0 0
Applying a transform 7 = | I I 0|, we have
0 0 I
H (2)Ny()Ny (2) = V(2)
—A}, 0 0 —P(x)LZ]!
_ 0 -4y, —CjC,X | —P(0)LZ;!
r 0 0 —AZ (ZyCy)*
0 —(BuZ)* 0 0 [zﬂz —T_l]
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where
(E+ By F)* 0 0
Q= |—-(E+ByF)* (E+BgF)* 0
0 0 1

Multiplying the boundary condition by a invertible matrix does not change system,
therefore we multiply with S := T, therefore we have

HY @Ny(2)N] (2) = V (2)

[ —A}, 0 0 —P(t)LZ]!
_ 0 -4y, —CjC,X | —P(0)LZ;!
r 0 0 —AZ (ZyCy)*
L 0 —(Bg2)* 0 | 0 [191 —I}
[ A, | Bp
WAEALS
L G| O [ZQ,, —1]

O

Proof of Theorem 5.4.38. To obtain S’a,opt consider the STPBC realization of ¥ :=
I-\If]\v/\,]\v/y” -V given in Corollary 5.4.37 i.e.

By

0 }[zgp 1]

—Ap

1?(z)=.7<)*+[ éi

where all eigenvalues of e~47"Q p are in the region |z| > 1. Define a sampler

h
T (ii(z) = / A0 0=0) Bii(: 0 )do.
0

To calculate S/‘a,opt = proj it Y consider
Yii(z) =Cp(zQ, — ") 71T (2)ii(2)
=C,(ze™ 4" Q, — N7'Tii(z)
=-C)p (I + ze‘Al’hQ,, +- 1+ (ze‘A!’th)l) Tii(z)
— Cp(ze—AthP)l-'rl (I + (Ze—Athp) + .. ) fﬁ(z)
= proj,ip ¥ (2)ii(z) + Cpze™ 7" Q) T (ze™ 4" Q), — 17! Tii(2)
= Proj i Y(z)ft(z) +C, (ze_Al’th)l+] (zQ), — eA”h)_1 Tﬁ(z)
Now,

projip Y (2) = Y (2) — Cp(ze™*"Q,) 1 (zQ, — ")~ Tii(2)
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Ap | By }
Cp(l = (ze™*r" Q)" ‘ 0 [ZQP —I]

:j0+[

The rest of the proof follows from Lemma 5.4.4, Lemma 5.4.10, Theorem
5.4.28, and Corollary 5.4.31. O

Proof of Lemma 5.4.41. The integral equalities in (5.74) and (5.76) follows from
Lemma 5.3.29.

Since Gy + HiMhéy is causal and in L, it is in H*. By Lemma 5.3.23, this
further implies Gy+ HiMj éy € H? as its STPBC has no feed through term. Using
Lemma 5.3.25, we have

o NV 1 o _
1Gy + HiMaGylife = L IDIls + IVl

where

= 0 eM"| By,

Y ( TeeA"h TeBe ) Aps Om Bms

C 0 = =
¢ Cms Cou | O
MlueA”h B . L. .
where Q,, ;= 0 . Now, Y € H? as Gy + HiMnGy € H? and || D| s is
0

finite.
Since A, is Schur and e~4«” has all its poles in the closed unit disk of the
complex plane, therefore the Sylvester equation (5.79) has an unique solution X,.

_Au

Now, applying a state transform 7 := [(I) _i{m}, we have
_ Ams 0 Bms __Xm Bmu
Y = 0 eAul B
Cms  ConsXom + Conu | 0

eAuh | ému
ConsXm + Coa | 0

Y — Iéms | Bms - Xmému
Cns | 0

This shows that the STPBC of the system év + I:Ii]l;lhéy given in (5.73) contains
unobservable or uncontrollable poles that lie in the region |z| > 1 of the complex
plane.

Since A, is Schur, the rest of the proof follows from Lemma 5.3.28. O

Since Y € H?, ( ) = 0. Therefore,




5.C. Proofs of the results in Section 5.4 193

Proof of Lemma 5.4.42. For a given integer k, we have ||Zké||L2 = ||G||Lz for a
system G. Therefore,

Il projy 2\ g2 (HT NNy = V)l = (| Pl 2
where
) 1 , NI
P(2) = ) projy 2\ g2 (H; NyNy™ = V).
LetY := I-\IiNIVVIVyN — V. Then using (5.69) and (5.70), the adjoints are
. —A* —C*
P [z -]
[ =A% | —(Cple™rhQ,) )" }
B} 0 o1 -

Jo+

j0+.

The samplers Y and P are anti-causal systems in L°°, therefore their conju-
gates are holds in H®. Using Lemma 5.3.23 this further implies that holds Y™ and
P~ are in H? as well. Therefore, ||Y Iz = ||Y||Lz and ||P 2 = ||P||Lz can be
obtained by Lemma 5.3.26.

To calculate the norms we need to evaluate the integral

h
BpB;:/O e A" B, (1) B, (1) e 4 dr

The above integral is not straight forward as B(r) is not constant but a function
of 7. The rest of the proof is mainly devoted to evaluation of the above integral.

Using [28, Theorem 1] and A, = — |:AOH CHAC*‘Z)X
L

j|, we have that
Ay CLCX . A

~Apt _ ol O A% _[e H Tl(r)j|

- 0 eA*ir

where T (7) := fOT eAL(T_”)C};C,)XeAL”dU. Recall Ay := A+ LC,. Therefore,
using P(7) given in Lemma 5.4.34 as

T
P(z) = e AHT P47 —/ e‘AH”C}‘_,CUe_A” do,
0

_ -1
P(T)LZY i|, we have that

and B,(7) = |: (2,C))’

—AY —CHCX

—Apt _ _|: 0 —A3 i|T _P(T)LZ_I
e B,(r)=e L |: (ZyCy)*) ]
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_ —Poe™ T LZ N + Ta(r)LZ; ' + T1(1)(Z,Cy)"
eALr(ZyCy)*

where T5(7) := eAnt for e‘AZ”C}}CDe_A"dG. Using [28, Theorem 1] again , we
can show that the above is equal to

e 7B, (1) = P,e" B,
Using the above, we have that
h h
/0 e A" B, (t)B,() e dr = P, (/O eAzTBZB;eAZ‘fdr) P
= PZA§2(A’Z", B;)Alz(A’Z", BZ*)PZ*

where Ay and A, are defined in Lemma 5.3.29. Now, using Lemma 5.3.26 we

have
. O* e—A;‘,h —C*
1Y~ e = E— =G
By | 0

>

p H2
—A*h
oo Qe | =cs,
1P N2 = =
By | o
p H?

The rest of the proof follows from Lemma 5.3.28. O



Chapter 6

Conclusions and
Recommendations

A system theoretic analysis of the signal processing problem lead to solutions with
maximum generality. In this thesis, we used the sampled data system theory to
analyze the signal processing problems. The lifting is a main technical tool in the
sampled data system theory. The lifting technique enables us to treat discrete and
analog signals in a common framework. In this way we avoid any prior assumption
on the input analog signal. In fact, we never have to worry about bandlimitedness
of input signals and Shannon’s sampling theorem during our analysis and design
processes. We also used system norm to measure our reconstruction performance.

In this thesis, we obtained a computationally efficient way to compute fre-
quency truncated norms. We also obtained optimal non-causal downsamplers-
and-holds, and optimal relaxed causal samplers. The proofs of optimality are done
by using sampled-data system theory.

In Chapter 3, we presented a method to compute the frequency truncated norms.
These norms are required for reconstruction error calculation in the sampled-data
signal processing. We expressed these norms in terms of the matrix logarithm for
stable and unstable proper rational linear continuous time invariant system (LCTI)
systems. We also showed a relationship of the frequency truncated norms with the
H? norm of an LCTI system. The result of this chapter can be applied to other
areas of system theory like model reduction.

In Chapter 4, we obtained a solution to the optimal non-causal downsampling
problem using sampled-data system theory. Specifically, we obtained an optimal
non-causal stable downsampler-and-hold given the fast sampler and the signal
model in the sampled-data setup. Here we used L2 and L optimality criteria.
In the end, we also described a way to do optimal non-causal downsampling in
the presence of noise. We also obtained expressions for the error for different
optimality criteria in the optimal non-causal downsampling problem.

In Chapter 4, we obtained a solution to the optimal relaxed causal sampling
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problem i.e. we obtained a stable optimal relaxed-causal sampler given a hold and
a LCTI signal model. We provided the conditions of existence of the solution
of the optimal relaxed causal sampling problem. We also gave some fundamen-
tals of state space representation with two point boundary conditions (STPBC).
STPBC representations are a useful way to represent a large class A-time shift in-
variant system. It includes all proper rational LCTI system as well. We also used
this representation to solve optimal sampling problems and we obtained an easily
computable optimal relaxed causal sampler and the optimal error.

6.1 Recommendations

From the topics that are discussed in the thesis, there are lot of potential improve-
ments and problems for further research. These are discussed below.

1. A closed form expression for frequency truncated norm provided in Chap-
ter 3 is sufficient if frequency truncation happens at finite number of fre-
quencies. However, to obtain a closed form expression of reconstruction
error in the L? downsampling problem, we need to calculated the norm of
a frequency response that is truncated at infinite number of frequencies. A
closed form expression for such a response can be good objective for further
research.

2. In Chapter 4, we just obtained the optimal hybrid interpolator in the lifted
frequency domain at each § € [—n, #]. However, we ignored the ques-
tion of the Lebesgue measurability of the optimal hybrid interpolator. Thus
a measure theoretic formulation of the optimal downsampling solutions in
Chapter 4 can be investigated further.

3. In Chapter 4, downsampling of a discrete signal is done by an integer down-
sampling factor. A natural enhancement is to do optimal downsampling by
a rational downsampling factor.

4. Also, the method we provided in Chapter 5 to compute the optimal relaxed
causal sampler and the error for the systems given by the STPBC represen-
tation, have some numerical issues. We have not explored these issues in
this thesis. Hence, there are some serious numerical issues to be looked at.

5. In Chapter 5, we took a causal signal model and hold. The effect of relaxing
this causality constraint on the optimal relaxed causal sampler needs further
investigation.



Appendix A

State-space representation

This appendix is a short review of state-space representations. State-space repre-
sentation is an internal description of systems where we can define the system out-
puts at a given time in terms of some internal variables (known as state-variables)
and inputs of the systems up to the given time. If number of state variables are
finite then such systems are known as finite-dimensional systems. For details
see [71, chapter 3,21], [57, appendix A] and [27, chapter 13].

A.1 Continuous time system

If an analog system G is a finite-dimensional linear continuous time invariant sys-
tem then we can write the description of system in term of the following differential
equations

(A.1)

y = Gu {‘Z{—f:Ax+Bu

y=Cx + Du
where x(t) € R” is called state, u(t) € R™ and y(¢) € R”. Here the A, B, C and

D are constant matrices.
The system G given by (A.1) is represented by the following notation in the

thesis
A| B
g - [T'i] '

Also in the Laplace domain the system G is represented as
G(s)=D+C(sI —A)~!'B.

The above is also known as the transfer-function of the system G.
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A.2 Discrete time system

If a discrete system G is a finite-dimensional linear shift invariant system then we
can write the description of system in term of the following difference equations

_ =_ x[n+ 1] = Ax[n] + Buln] neZzZ
y=gu _ ] _ (A2)
y[n] = Cx[n] + Dul[n]
where x[n] € R” is called state, u[n] € R™ and y[n] € R”. Here the A, B, C and
D are constant matrices.
The system G given by (A.2) is represented by the following notation in the

thesis

A|B
o= (eln)
Also in the z-domain the system G is represented as

G(z)=D+C(zI —A)~'B.

The above is also known as transfer-function of the system gG.
The Invariant zeros of the discrete system G given by state-space (A.2) are
those values of z € C where the matrix

A—-zI B
C D
looses its normal rank (see [14, §8.4.2] and [71, Chapter 3]). The above matrix is
known as the Rosenbrock system matrix.
For the definition of controllability, observability, detectability and stabiliz-

ability of systems represented in state-space see [57, appendix A] or [71, chapter
3,21].



List of notations

0 Dirac delta function
- - 1 =0
0 For all integer n, d[n] := "
0 n#0
[x] the smallest integer greater than or equal to x € R
Lx] the largest integer less than or equal to x € R
1 t>0
1(r 1() := -
0 10 [ 0 oo
. . . 1 tel
1o(t) For a given set 2, indicator function Lg(z) :=
0 red
Arg principal argument function
C the set of complex numbers
C~ open left half complex plane
wo
cr For a positive integer n, C" := { : | wg, -+, wy—1 € C}
Wp—1

C%(B,H) {x : B — H|x is continuous &fB||x(t)||%{dt < oo} (here B C R and
‘H is a Hilbert space)

D unit disk {z € C : |z| < 1}

D closed unit disk {z € C : |z] < 1}
exp{A} e4

|Allgs the Hilbert-Schmidt norm of operator A

ImA image of operator A
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Al induced norm of operator A

|Allcoc induced norm of operator A

ImA  closure of image of operator A

i VAT

Ker A kernel of operator A

L?[0, h) space of square integrable functions defined on [0, /)
LCTI linear continuous time invariant

LDTI Linear discrete time invariant

M the set of integers {0, 1, --- , M — 1} forany M € Z*

N set of positive integers and zero

{0,1,--- ,rank A — 1} Ifrank A is finite
N If rank A is infinite

Ny For an operator A, Ny := [
proj 4  orthogonal projector on Hilbert space A
R~ R~ U {0}
Rt R*T U {0}

the set of real numbers
R~ the set negative real numbers
R* the set positive real numbers

rank A rank of operator A

ROC  Region of convergence

sinc  sinc(x) := %
. . sin(Fx)
sinc,  siney (x) 1= —=

h

SVD  singular value decomposition

T unit circle {z € C : |z] = 1}
Wy Hﬂqﬂforallﬁe[—ﬂ,n]andkez
Z set of integers

/A set of positive integers
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Z;r set of all integers greater than or equal to integer /
V/ set of negative integers

Z; set of all integers smaller than integer /
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Summary

The main objective in this thesis is to design optimal samplers, downsamplers and
interpolators (holds) which are required in signal processing. The sampled-data
system theory is used to fulfill this objective in a generic setup.

Signal processing, which includes signal transmission, storage and analysis,
plays a significant role in a human society. Since ages mankind is trying to find
better and better means of signal transmission. Sending signal over a long distance
was a challenge in ancient time. However with the advent of electrical/optical
signals and electromagnetic waves, signal transmission is a matter of seconds now
even over long distances. In the later half of the twentieth century, the digital
revolution changed the scenario of signal processing. Digital signal processing
provides better quality, low cost, ease of implementation and reconfigurability. In
digital signal transmission the original analog signal is sampled using a sampler
before transmission. At the receiver side, the received signal is processed digitally
to remove unwanted signals like noise and then it is interpolated using a hold to
obtain a reconstructed signal. This reconstructed signal must look like our original
analog signal. Most of the systems like mobile, TV etc. nowadays use digital
signal transmission techniques. Using digital techniques it is also easy to store and
analyze signals.

Digital signal processing needs sampling of the original signal. Therefore,
a fundamental question is: can we reconstruct the original signal from its sam-
ples using a hold? This is known as the signal reconstruction problem. The most
famous answer of the signal reconstruction problem is given by Shannon’s sam-
pling theorem for the bandlimited analog signals. Bandlimitedness rarely happens
in practice therefore Shannon’s sampling theorem is not enough unless we apply
some filters to make our analog signal bandlimited. Hence, researchers started
looking at the signal reconstruction problem as a mathematical optimization prob-
lem from system theoretical viewpoint i.e. how to design samplers and holds such
that the reconstructed signal resembles the original signal (measured in some norm
sense). Here it is assumed that the spectrum of the signals are known. Sampled-
data system theory is such an approach i.e. it is used to solve the signal recon-
struction problem where the assumption of bandlimitedness is not required. It also
enables us to obtain the solution with greater generality. A distinctive feature of
the sampled-data system theory is that it optimizes the analog performance. This
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approach is much closer to reality as most of the signals we use are analog in na-
ture and utilized in the analog domain. Another distinctive feature of sampled-data
system theory is the use of signal model to describe the spectrum of the original
analog signals. The choice of signal model depends upon several factors like ease
of implementation, accuracy required in signal reconstruction and the information
available about signals. One advantage of using sampled-data system theory in
the design process is that we can calculate the reconstruction error without any
practical implementation.

Calculation of the reconstruction error boils down to calculation of the fre-
quency truncated norm if the signal models are linear continuous time invariant
(LCTI). In Chapter 3, we obtained closed form expressions to calculate the fre-
quency truncated norms if the LCTI signal model is given by state-space. These
methods are easy to implement in Matlab. The use of these closed form expres-
sions to calculate the frequency truncated norms is not restricted to sampled-data
system theory but also to other areas of system theory like model reduction.

Downsampling of the sampled signal is required in several signal processing
applications like audio, image etc. This complicates our signal reconstruction
problem because there is a downsampler in between the sampler and hold, and
we have have to work with multiple sampling rates. In Chapter 4 we provide a
general formulation and solution of optimal downsampling in the sampled-data
setup for all linear continuous time invariant signal models. Here we allow non-
causal solutions. The effect of noise on the downsampling is also discussed in this
chapter.

Non-causal solutions that have access to the infinite future, provide a theoret-
ical limit to our solutions. However, they are rarely used in practice because of
their unrealizability. Most of the time we design sampler and hold with causal-
ity or relaxed causality constraint. This is because it is practically impossible to
have access to all future inputs at a given point of time. The constraint of causal-
ity/relaxed causality makes our problem a bit more difficult, but also more inter-
esting. In Chapter 5, we provide a frequency domain abstract and implementable
state-space solution to the optimal sampler design problem with a relaxed causality
constraint.

In this thesis, we used sampled data system theory to answer downsampler
and (relaxed causal) sampler design problems. However, the sampled-data system
theory has the potential to answer many more interesting optimization problems
arising in signal processing.



Samenvatting

Het hoofddoel van dit proefschrift is het ontwerp van optimale samplers, down-
samplers en holds die kunnen worden gebruikt in de signaalverwerking. Met be-
hulp van de theorie van sampled-datasystemen wordt deze doelstelling op generie-
ke wijze verwezenlijkt.

Signaalverwerking, waaronder signaaloverdracht, opslag en analyse van signa-
len, speelt een belangrijke rol in de samenleving. Sinds eeuwen is de mens bezig
betere manieren van signaaloverdracht te bedenken. Het verzenden van signalen
over een lange afstand was lange tijd een uitdaging. Echter met het gebruik van
elektrische / optische signalen en elektromagnetische golven, is de duur van sig-
naaloverdracht, ook over lange afstanden, een kwestie van seconden geworden. In
de tweede helft van de twintigste eeuw heeft de digitale revolutie de signaalver-
werking fundamenteel veranderd. Digitale signaalverwerking zorgt voor betere
kwaliteit, lagere kosten, gemak van implementatie en herconfigureerbaarheid. In
digitale signaaltransmissie wordt het oorspronkelijke analoge signaal eerst bemon-
sterd met behulp van een sampler en dan verzonden. Aan de ontvangstzijde wordt
vervolgens het ontvangen signaal digitaal gefilterd om ongewenste componenten
zoals ruis te verwijderen en daarna wordt het signaal met behulp van een hold
geinterpoleerd tot een analoog signaal. Dit gereconstrueerde signaal moet er uit-
zien als het oorspronkelijke analoge signaal. In de meeste systemen van vandaag
de dag, zoals mobiele telefonie, TV etc. worden deze digitale technieken toege-
past. Deze digitale technieken zijn ook van nut voor het opslaan van signalen en
het analyseren ervan.

Digitale signaalverwerking vereist bemonsteren van het onderliggende analoge
signaal. Daarom is een fundamentele vraag: “kunnen we het onderliggende sig-
naal reconstrueren aan de hand van de monsters?”” Dit staat bekend als het signaal-
reconstructie probleem. Het bekendste antwoord hierop is Shannon’s bemonste-
ringsstelling voor band-begrensde analoge signalen. Echter, band-begrensd komt
in de praktijk maar nauwelijks voor en Shannon’s stelling volstaat daarom niet,
tenzij we met een aantal filters het analoge signaal vooraf band-begrensd maken.
Om deze ongewenste situatie te omzeilen zijn onderzoekers gaan kijken naar het
algemene signaal-reconstructieprobleem als een wiskundig optimalisatieprobleem
vanuit een systeemtheoretisch oogpunt, namelijk hoe kunnen we sampler en hold
zodanig ontwerpen dat het gereconstrueerde signaal optimaal goed lijkt op het ori-
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ginele signaal (gemeten in een bepaalde norm). In deze opzet wordt aangenomen
dat het spectrum van de signalen bekend is. Sampled-data systeemtheorie is een
dergelijke aanpak en deze vereist niet dat de signalen bandbegrensd zijn. Het stelt
ons in staat om een oplossing te bepalen in grotere algemeenheid. Een onderschei-
dend kenmerk van de sampled-data systeemtheorie is dat het de analoge prestaties
optimaliseert. Deze aanpak komt veel dichter bij werkelijkheid omdat de meeste
signalen die we gebruiken analoog van aard zijn en worden gebruikt in het analoge
domein. Een ander onderscheidend kenmerk van sampled-data systeemtheorie is
het gebruik van een signaalmodel van het spectrum van het oorspronkelijke ana-
loge proces. De keuze van signaalmodel is afthankelijk van verschillende factoren,
zoals gemak van implementatie, nauwkeurigheid van de beschrijving en de be-
schikbaarheid van informatie over de signalen. Een voordeel van het gebruik van
deze theorie is dat in het ontwerpproces de reconstructiefout kan worden berekend
zonder praktische implementatie.

Berekening van de reconstructiefout komt neer op het berekenen van een fre-
quentie afgekapte norm indien het signaalmodel lineair en continue-tijdinvariant
is. In hoofdstuk 3 zijn gesloten uvitdrukkingen verkregen van deze frequentie-
afgekapte normen, voor de gevallen dat het signaalmodel een eindig-dimensionale
toestandsrepresentatie heeft. De methoden zijn eenvoudig te implementeren in
Matlab. Het gebruik van deze gesloten uitdrukkingen is niet beperkt tot sampled-
dataproblemen, maar is ook op andere gebieden van de systeemtheorie van toepas-
sing, zoals modelreductie.

Downsampling van bemonsterde signalen is nodig in verschillende toepassin-
gen zoals audio, beeld etc. Downsampling bemoeilijkt het signaal-reconstructie
probleem, want de aanwezigheid van een downsampler, tussen sampler en hold,
betekent dat we moeten werken met meerdere bemonsteringsfrequenties. In hoofd-
stuk 4 geven we een algemene formulering en oplossing van het optimale down-
samplingprobleem voor alle lineaire continue-tijdinvariante signaalmodellen. We
laten hier niet-causale oplossingen toe. Het effect van ruis op downsampling wordt
ook besproken in dit hoofdstuk.

Niet-causale systemen die toegang hebben tot de oneindige toekomst geven
een theoretische limiet aan aan onze ontwerpproblemen, maar ze zijn vaak van
weinig praktisch nut omdat ze niet geimplenteerd kunnen worden. Vaker willen
we samplers en holds ontwerpen die causaal zijn of in een beperkte mate kunnen
anticiperen. Dit is omdat het praktisch onmogelijk is om toegang te hebben tot
de volledige toekomst van ingangssignalen. De beperking tot causale of beperkt
anticiperende samplers maakt ons ontwerpprobleem gecompliceerder, maar ook
interessanter. In hoofdstuk 5 geven we een abstracte frequentiedomeinoplossing
en een toepasbare toestandsrepresentatie-oplossing van het ontwerp van optimale
samplers met beperkte anticipatie.

In dit proefschrift hebben we sampled-data systeemtheorie gebruikt om down-
samplers en samplers met beperkte anticipatie te ontwerpen. Echter, deze sampled-
datatheorie heeft de potentie om nog vele andere interessante optimalisatieproble-
men in de signaalverwerking te ontrafelen.
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